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Abstract 

We prove a descriptive theorem on the extrinsic geometry of an embedded minimal surface 
of injectivity radius zero in a homogeneously regular Riemannian three-manifold, in a certain 
small intrinsic neighborhood of a point of almost-minimal injectivity radius. This structure 
theorem includes a limit object which we call a minimal parking garage structure on 
whose theory we also develop. 
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1 Introduction. 

This paper is devoted to an analysis of the extrinsic geometry of any embedded minimal surface 
M in small intrinsic balls in a homogeneously regular Riemannian three-manifolcQ such that the 
injectivity radius function of M is sufficiently small in terms of the ambient geometry of the balls. 
We carry out this analysis by blowing-up such an M at a sequence of points with almost-minimal 
injectivity radius (we will define fhis nofion precisely in items 1, 2, 3 of fhe nexf fheorem), which 
produces a new sequence of minimal surfaces, a subsequence of which has a nafural limif objecf 
being eifher a properly embedded minimal surface in M^, a minimal parking garage sfrucfure on 
(we will sfudy fhis nofion in Secfion or possibly, a parficular case of a singular minimal 
lamination of with restricted geometry, as stated in item 6 of the next result. 

In the sequel, we will denote by Bm{p, r) (resp. Bm{p, r)) the open (resp. closed) metric ball 
centered at a point p in a Riemannian manifold N, with radius r > 0. In the case M is complete, 
we will let Im : M —)• (0, oo] be the injectivity radius function of M, and given a subdomain 
ri C M, Ifi = {lM)\n will stand for the restriction of Im to Cl. The infimum of Im is called the 
injectivity radius of M. 

Theorem 1.1 (Local Picture on the Scale of Topology) There exists a smooth decreasing func¬ 
tion 5: (0, oo) —)• (0,1/2) with limr^oo r ()(r) = oo such that the following statements hold. 

°First author’s financial support: This material is based upon work for the NSF under Award No. DMS-1309236. 
Any opinions, findings, and conclusions or recommendations expressed in this publication are those of the authors 
and do not necessarily reflect the views of the NSF. Second and third author’s financial support: Research partially 
supported by the MINECO/FEDER grant no. MTM2014-52368-R 

'a Riemannian three-manifold N is homogeneously regular if there exists an e > 0 such that the image by the 
exponential map of any e-ball in a tangent space TxN,x € N, is uniformly close to an e-ball in R® in the C^-norm. In 
particular, N has positive injectivity radius. Note that if N is compact, then N is homogeneously regular. 
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Suppose M is a complete, embedded minimal surface with injectivity radius zero in a homoge¬ 
neously regular three-manifold N. Then, there exists a sequence of points Pn € M (called “points 
of almost-minimal injectivity radius”) and positive numbers £n = niMiPn) 0 such that: 

1 For all n, the closure of the component of M F B]sf(pn, £n) that contains pn is a compact 

surface with boundary in dB]sf{pn, £n)- Furthermore, Mn is contained in the intrinsic open 
ball BMipni ^lM{Pn)), where r„ > 0 satisfies rn6{rn) = n. 

2 Let \n = l/lM{Pn)- Then, A„Im„ > 1 - ^ 

3 The metric balls \nBj^(pn, £n) of radius n = Xn£n converge uniformly as n ^ oo toM.^ with 

its usual metric (so that we identify pn with Ofor all n). 

Furthermore, exactly one of the following three possibilities occurs. 

4 The surfaces have uniformly bounded Gaussian curvature on compact subset^of^^ 

and there exists a connected, properly embedded minimal surface M^o C with 0 G Mqo, 
I Moo — 1 ^uch that for any A: G N, the surfaces XnM^ converge on 

compact subsets o/M^ to M^o with multiplicity one as n ^ oo. 

5 After a rotation in the surfaces XnMn converge to a minimal parking garage structur^on 

consisting of a foliation Ti o/M^ by horizontal planes, with columns forming a locally 
finite set S{C) of vertical straight lines (at least two lines). Moreover, if there exists a bound 
on the genus of the surfaces XnMn, then S{C) consists of just two lines li, I 2 , the associated 
limiting pair of multivalued graph^in XnMn nearby li, I 2 are oppositely handed and given 
R > 0, for n G N large depending on R, the surface (XnMn) H Bx^i\i{p, has genus 
zero. 

6 There exists a nonempty, closed set S C a minimal lamination CofR^ — S and a subset 

S{C) C L which is closed in the subspace topology, such that the surfaces (XnMn) — S 
converge to L outside of S{C) and C has at least one nonflat leaf. Furthermore, if we let 
A(£) = 5 U S(C) and let V be the sublamination of flat leaves in C, then the following 
holds. V fy 0, the closure of every such flat leaf is a horizontal plane, and ifL G V then the 
plane L intersects A(£) in a set containing at least two points, each of which are at least 
distance 1 from each other in L, and either L n A(£) <Z S or LF A(£) C S{C). 

For a more detailed description of cases 5 and 6 of Theorem |l.l[ see Propositions |4.20| and |4.30| 
below. 

The results in the series of papers lUl IH [TOl [HI [Ill [131 by Golding and Minicozzi and the 
minimal lamination closure theorem by Meeks and Rosenberg |[^ play important roles in deriving 
the above compactness result. We conjecture that item 6 in Theorem j 1.1 [ does not actually occur. 

A short explanation of the organization of the paper is as follows. In Section we introduce 
some notation and recall the notion and language of laminations, as well as a chord-arc property 

^As Mn C f?]v(pn,£n), the convergence {AnBiv(Pn, £n)}n —^ explained in item 3 allows us to view the 
rescaled surface X„M„ as a subset of The uniformly bounded property for the Gaussian curvature of the induced 
metric on M„ C N rescaled by A„ on compact subsets of R® now makes sense. 

^For a description of a minimal parking garage structure, see Sectionj^ 

"^This means that for i = 1,2 and fe G N fixed (k > 2), and for n large enough depending on k, XnMn contains 
around U a pair of fc-valued graphs (See Definition |4.10| for this concept) with opposite orientations, both spiraling 
together, and the handedness of these A:-graphs nearby li is opposite to the related one around I 2 . 
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for embedded minimal disks previously proven by Meeks and Rosenberg and based on a similar 
one by Colding and Minicozzi. In Sectionj^we develop the theory of parking garage surfaces and 
limit parking garage structures, a notion that appears in item 5 of the main Theorem |l.l[ Section]^ 
the bulk of this paper, is devoted to the proof of Theorem |l.l| Sectionj^includes some applications 
of Theorem [TTT] We refer the reader to 1^ UM l25l |26l |27l [36l |3ll |40l for further applications of 
Theorem ll.il 

2 Preliminaries. 

Let M be a Riemannian manifold. Let Bm{p, r) be the open ball centered at a point p £ M with 
radius r > 0, for the underlying metric space structure of M associated to its Riemannian metric. 
When M is complete, the injectivity radius Im (p) at a point p G M is the supremum of the radii 
r > 0 of the open balls Bm{p, r) for which the exponential map at p is a diffeomorphism. This 
defines the injectivity radius function, Im - M —)• (0, cx)], which is continuous on M (see e.g.. 
Proposition 88 in Berger (Tj). The infimum of Im is called the injectivity radius of M. 

Definition 2.1 A codimension-one lamination of a Riemannian three-manifold N is the union of 
a collection of pairwise disjoint, connected, injectively immersed surfaces, with a certain local 
product structure. More precisely, it is a pair (£, A) satisfying: 

1. £ is a closed subset of N ; 

2. A = {ipjj : D X (0,1) —of coordinate charts of N (here D is the open unit 
disk in M^, (0,1) is the open unit interval and Up is an open subset of Nf note that although N 
is assumed to be smooth, we only require that the regularity of the atlas (i.e., that of its change 
of coordinates) is of class C°, i.e., A is an atlas for the topological structure of N. 

3. For each /3, there exists a closed subset Cp of (0,1) such that (p^^(Up n £) = D x Cp. 

We will simply denote laminations by £, omitting the charts ipp in A. A lamination C is said 
to be a foliation of N if C = N. Every lamination £ naturally decomposes into a collection of 
disjoint, connected topological surfaces (locally given by <p^(ID) x {f}), t G Cp, with the notation 
above), called the leaves of £. As usual, the regularity of £ requires the corresponding regularity 
on the change of coordinate charts pp. A lamination £ of is said to be a minimal lamination 
if all its leaves are (smooth) minimal surfaces. Since the leaves of £ are pairwise disjoint, we 
can consider the norm of the second fundamental form \ac \ of £, which is the function defined at 
every point p in £ as \cji,\{p), where L is the unique leaf of £ passing through p and |(Tl| is the 
norm of the second fundamental form of L. 

Definition 2.2 If {Sn}n is a sequence of complete embedded minimal surfaces in a Riemannian 
three-manifold N, consider the closed set A C of points p £ N such that for every neighbor¬ 
hood Up of p and every subsequence of {T,n[k)}k, the sequence of norms of the second fundamen¬ 
tal forms of Tjn[k) Up is not uniformly bounded. By the arguments in Lemma 1.1 of Meeks and 
Rosenberg (see also Proposition B.l in Ell), after extracting a subsequence, the Sn converge 
on compact subsets of At — A to a minimal lamination £' of At — A that extends to a minimal 
lamination £ of At — 5, where 5 C A is the (possibly empty) singular set of £, i.e., S is the closed 
subset of At such that £ does not admit a local lamination structure around any point of S. We 
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will denote by S{C) = A — S the singular set of convergence of the to C, i.e., those points of 
N around which C admits a lamination structure but where the second fundamental forms of the 
Tin Still blow-up. 

In this paper we will apply the Minimal Lamination Closure Theorem in ||36l, which insures 
that if M is a complete, embedded minimal surface of positive injectivity radius in a Riemannian 
three-manifold N (not necessarily complete), then the closure M of M in has the structure of 
a -minimal lamination £ with the components of M being leaves of C. We will also use the 
following technical result from 061 . which generalizes to the manifold setting some of the results 
in 113. 

Definition 2.3 Given a surface T embedded in a Riemannian three-manifold N, a point p £ T 
and i? > 0, we denote by T{p, R) the closure of the component of S n Bn{p, R) that passes 
through p. 

Theorem 2.4 (Theorem 13 in O^ ) Suppose that T is a compact, embedded minimal disk in a 
homogeneously regular three-manifold N whose injectivity radius function Iy,: T ^ [0, oo) 
equals the distance to the boundary function (ds denotes intrinsic distance in T). 

Then, there exist numbers 5' £ (0,1/2) and Rq > 0, both depending only on N, such that if 
By{x, R) C T — dT and R < Rq, then 

T{x,6'R) C By{x,R/2). 

Furthermore, T(x, 6'R) is a compact, embedded minimal disk in B^{x, 5'R) with dT[x, 5'R) C 
dBN{x,6'R). 

3 Parking garage structures in 

For a Riemannian surface M, Km will stand for its Gaussian curvature function. In our previous 
paper 03 we proved the Local Picture Theorem on the Scale of Curvature, which is a tool that 
applies to any complete, embedded minimal surface M of unbounded absolute Gaussian curvature 
in a homogeneously regular three-manifold N, and produces via a blowing-up process a nonflat, 
properly embedded minimal surface Moo C with normalized curvature (in the sense that 
\Kmoo I < 1 on AIoo and 0 G Moo, I (0) = !)■ The key ingredient to do this is to And points 
Pn £ M of almost-maximal curvature and then rescale exponential coordinates in N around 
these points pn by s/IKmUPti) —>• oo as n — )• oo. We will devote the next section to obtain 
a somehow similar result for an M whose injectivity radius is zero, by exchanging the role of 
y/\KM\ by I/Im, where Im- M —)• (0,oo] denotes the injectivity radius function on M. We 
will consider this rescaling ratio after evaluation at points pn £ M of almost-minimal injectivity 
radius, in a sense to be made precise in the first paragraph of Section One of the difficulties 
of this generalization is that the limit objects that we can find after blowing-up might be not only 
properly embedded minimal surfaces in but also new objects, namely limit minimal parking 
garage structures which we study below, and certain kinds of singular minimal laminations of 

Roughly speaking, a minimal parking garage structure is a limit object for a sequence of em¬ 
bedded minimal surfaces which converges (7“, a £ (0,1), to a minimal foliation C of by 
parallel planes, with singular set of convergence S{C) being a locally finite set of lines orthogonal 
to C, called the columns of the limit parking garage structure, along which the limiting surfaces 
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have the local appearance of a highly-sheeted double staircase. For example, the sequence of ho- 
mothetic shrinkings ^ FT of a vertical helicoid H converges to a minimal parking garage structure 
that consists of the minimal foliation £ of by horizontal planes with singular set of convergence 
S{C) being the xa-axis. 

We remark that some of the language associated to minimal parking garage structures, such as 
columns, appeared first in a paper of Traizet and Weber ll47l . and the first important application of 
this type of structure appeared in 1281 where we applied it to derive curvature estimates for certain 
complete embedded minimal planar domains in In BTll . Traizet and Weber produced an 
analytic method for constructing a one-parameter family of properly embedded, periodic minimal 
surfaces in by analytically untwisting via the implicit function theorem a limit configuration 
given by a finite number of regions on vertical helicoids in that have been glued together in 
a consistent way. They referred to the limiting configuration as a parking garage structure on 

with columns corresponding to the axes of the helicoids that they glued together. Most of 
the area of these surfaces, just before the limit, consists of very flat horizontal levels (almost- 
horizontal densely packed horizontal planes) joined by the vertical helicoidal columns. One can 
travel quickly up and down the horizontal levels of the limiting surfaces only along the helicoidal 
columns in much the same way that some parking garages are configured for traffic flow; hence, 
the name parking garage structure. Parking garage structures also appear as natural objects in the 
main results of the papers iHTl [T3l [33 . 

We now describe in more detail the notion of a parking garage surface. Consider a possibly 
infinite, nonempty, locally finite set of points P C and a collection V of open round disks 
centered at the points of P such that the closures of these disks form a pairwise disjoint collection. 
Let p,: ~ —>• Z be a group homomorphism such that p takes the values ±1 on the 

homology classes represented by the boundary circles of the disks in V. Let If: M ^ -V 
be the infinite cyclic covering space associated to the kernel of the composition of the natural map 
from 7ri(M^ — V) to FFi(M^ — V) with p. It is straightforward to embed M into so that under 
the natural identification of with x {0}, the map If is the restriction to M of the orthogonal 
projection of to x {0}. Furthermore, in this embedding, we may assume that the covering 
transformation of M corresponding to an n G Z is given geometrically by translating M vertically 
by (0,0, n). In particular, M is a singly-periodic surface with boundary in dV x M. M has exactly 
one boundary curve F on each vertical cylinder over the boundary circle of each disk in V. We 
may assume that every such curve F is a helix, see FigureLet M(^) be the vertical translation 
of M by (0, 0, ^). M U M(^) is an embedded, disconnected periodic surface in (M^ — P) x M 
with a double helix on each boundary cylinder in dV x M. 

Definition 3.1 In the above situation, we will call a (periodic) parking garage surface correspond¬ 
ing to the surjective homomorphism p to the connected topological surface G C obtained after 
attaching to M U M( 2 ) an infinite helicoidal strip in each of the solid cylinders in P x M. Note 
that by choosing M appropriately, the resulting surface G can be made smooth. 

Since in minimal surface theory we only see the parking garage structure in the limit of a se¬ 
quence of minimal surfaces, when the helicoidal strips in the cylinders of P x M become arbitrarily 
densely packed, it is useful in our construction of G to consider parking garages G{t) invariant 
under translation by (0,0, f) with t G (0,1] tending to zero. For t G (0,1], consider the affine 
transformation Ft{xi,X 2 ,xf) = {x\,X 2 ,txfj. Then G{t) = Ft{G). Note that our previously de¬ 
fined surface G is G(l) in this new setup. As f —)• 0, the G{t) converge to the foliation £ of by 
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Figure 1: Schematic representation of one of the “two halves” M of a parking garage surface G 
with three columns, two right-handed and one left-handed. The entire surface G, not represented 
in the figure, is obtained after gluing M with M + (0, 0, and with an infinite helicoidal strip 
inside each of the columns. 


horizontal planes with singular set of convergence S{C) consisting of the vertical lines in P x M. 
Also, note that M depends on the epimorphism so to be more specific, we could also denote 
G{t) by G{t,^^). 

Definition 3.2 In the sequel, we will call the above limit object limj-^o G{t, fi) a limit parking 
garage structure of associated to the surjective homomorphism p. 

Next we remark on the topology of the ends of the periodic parking garage surface G in the 
case that P is a finite set, where G = G{t,p) for some t and p,. Suppose V = {Pi,..., Dn}. 
Then we associate to G an integer index: 


IiG) = Y,i^i[dDi])GZ. 

i=l 

Note that the index I{G) = I{G{t)) does not depend on the parameter t, and thus, it makes sense 
to speak about this index for a limit parking garage structure limt_^o G{t). 

Consider the quotient orientable surface G/Z in M^/Z, where Z is generated by translation 
by (0, 0, t). The ends of G/Z are annuli and there are exactly two of them. If /(G) = 0, then 
these annular ends of G/Z lift to graphical annular ends of G. If /(G) ^ 0, then the universal 
cover of an end of G/Z has |/(G)| orientation preserving lifts to G, each of which gives rise to an 
infinite-valued graph over its projection to the end of x {0}. 

Lemma 3.3 Suppose that G is a periodic parking garage surface in with a finite set P x Mo/ 
n columns. Then, the following properties are equivalent. 

1. G has genus zero. 

2. G has finite genus. 

3. n = 1 (in which case G is simply connected and I{G) = ±1), or n = 2 and I{G) = 0 {in 
which case G has an infinite number of annular ends with two limit ends). 
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Proof. The equivalence between items 1 and 2 holds since G is periodic. Clearly item 3 implies 
item 1. Finally, if item 3 does not hold then either n > 3 or G has two columns with the same 
handedness. In any of these cases there exist at least two points x\,X 2 ^ P with associated values 
^{[dDi]) = ^{[dD 2 \) for the corresponding disks Di, D 2 in V around xi,X 2 (up to reindexing). 
Consider an embedded arc 7 in — P joining x\ to X 2 . Then one can lift 7 to two arcs in 
consecutive levels of the parking garage G joined by short vertical segments on the columns over 
xi and X 2 . Let 7 denote this associated simple closed curve on G. Observe that if 7' is the 
related simple closed curve obtained by translating 7 up exactly one level in G (this means that 
7' = 7 + (0,0, f/2) if G = G(t, /r)), then 7 and 7' have intersection number one. Thus, a small 
regular neighborhood of 7 U 7' on G has genus one, which implies that item 1 does not hold. □ 

3.1 Examples of parking garage structures. 

(B1) Consider the limit of homothetic shrinkings of a vertical helicoid. One obtains in this way the 
foliation C of by horizontal planes with a single column, or singular curve of convergence 
S{C), being the xs-axis. The related limit minimal parking garage surface G has invariant 
1(G) = ±1; the word “minimal” is used because in this case, the surface G is a minimal 
surface. 

(B2) Let Rt, f > 0, be the classical Riemann minimal examples. These are properly embedded, 
singly-periodic minimal surfaces with genus zero and infinitely many planar ends asymp¬ 
totic to horizontal planes. Consider the limit of the Rt when the flux vector of Rt along 
a compact horizontal section converges to (2,0,0). Note that the surfaces Rt are invariant 
under a translation that only becomes vertical in the limit; in spite of this slight difference 
with the theoretical framework explained above, where the surface G(f, /r) is invariant un¬ 
der a vertical translation, we still consider the limit minimal parking structure in this case. 
This limit minimal parking garage structure G has two columns with opposite handedness 
(see ||28l for a proof of these properties) and so, G has invariant /(G) = 0, see Figure]^ 
These examples (Bl), (B2) correspond to Case 3 of Lemma |3.3| 

(B3) Consider the Scherk doubly-periodic minimal surfaces Se, 6 G (0, |], with horizontal lattice 
of periods {{{m + n) cos 9, (m — n) sin0, 0) | m, n G Z}. The limit as 0 —)• 0 of the 
surfaces Se is a foliation of by planes parallel to the (xi, X 3 )-plane, with columns of 
the same orientation being the horizontal lines parallel to the X 2 -axis and passing through 
Z X {0} X {0}. The related minimal parking garage structure of has an infinite number 
of columns, all of which are oriented the same way. 

We refer the interested reader to BTll for further details and more examples of parking garage 
structures that occur in minimal surface theory. 

Lemma 3.4 Every parking garage surface in with a finite number of columns is recurrent for 
Brownian motion. 

Proof. Note that if G C is a parking garage surface and we consider the natural action of 
Z over G by vertical orientation preserving translations, then the quotient surface G/Z has fi¬ 
nite topology, exactly two annular ends and quadratic area growth. In particular, G/Z is con¬ 
formally a twice punctured compact Riemann surface. On the other hand, since the covering 
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Figure 2: Three views of a minimal parking garage surface, constructed on a Riemann minimal 
example. 


If: G —)• G/Z is a normal covering, then there is a natural homomorphism r from the funda¬ 
mental group of G/Z onto the group of automorphisms Aut(n) of this covering. Since Aut(n) 
is abelian, then r factorizes through the first homology group Ffi(G/Z) to a surjective homomor¬ 
phism r: Ffi(G/Z) —)> Aut(n). Furthermore, each one of the two homology classes in Ffi(G/Z) 
given by loops on G/Z around the ends applies via r on a generator of Aut(n). In this setting. 
Theorem 2 in Epstein ifTTII implies that G is recurrent; see the first paragraph in Section 4 of OOl 
for details on this application of the result by Epstein. □ 

Remark 3.5 In Example (B3) above, the surface Sg for any 9 is not recurrent for Brownian mo¬ 
tion, but it is close to that condition, in the sense that it does not admit positive nonconstant 
harmonic functions, see ll30l . 

We have already introduced the notation Bn{p, r) for the open metric ball centered at the point 
p with radius r > 0 in a Riemannian three-manifold N. In the case N = M^, we will simplify 

]B(p, r) = B^-i{p, r) and B(r) = 18(0, r). 

Note that it also makes sense for a sequence of compact, embedded minimal surfaces C 
with boundaries dMn C d'E{Rn) such that Rn — )• oo as n —oo, to converge on compact 
subsets of to a minimal parking garage structure on consisting of a foliation C of by 
planes with a locally finite set of lines S (£) orthogonal to the planes in C, where S (£) corresponds 
to the singular set of convergence of the Mn to C. We note that each of the lines in S{C) has an 
associated -I- or — sign corresponding to whether or not the associated forming helicoid in 
along the line is right or left handed. Eor instance. Theorem 0.9 in ifT^ illustrates a particular case 
of this convergence to a limit parking garage structure on when S{C) consists of two lines with 
associated double staircases of opposite handedness. 

Remark 3.6 To study other aspects of how minimal parking garage structures appear as the limit 
of a sequence of minimal surfaces in M^, see Meeks 1121112211 . 
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4 The Proof of Theorem 11.11 


Let M <Z N he a complete, embedded minimal surface with injectivity radius zero in a homo¬ 
geneously regular three-manifold N. As N is homogeneously regular, its injectivity radius is 
positive. After a fixed constant scaling of the metric of N, we may assume that the injectivity 
radius of N is greater than 1. The first step in the proof of Theorem |l.l| is to obtain special points 
Pn G M, called points of almost-minimal injectivity radius. To do this, first consider a sequence 
of points Qn € M such that lM{(ln) < - (such a sequence {qn}n exists since the injectivity radius 
of M is zero). Consider the continuous function hn : BM{qn, 1) —> M given by 


hn{x) 


dM{x,dBM{qnA)) 

Im{x) 


X G BM{qn, 1), 


( 1 ) 


where dM is the distance function associated to its Riemannian metric. As hn is continuous and 
vanishes on dBM{qn, 1)> then there exists G BM{qn, 1) where hn achieves its maximum value. 
We define = lM{p'n)~^- Note that 


A'„ > X'ndMiPn, dBuiqn, 1)) = KiPn) > K{qn) = luidn) ^ > n. (2) 


Fix t > 0. Consider exponential coordinates centered at in the extrinsic ball Bi^{p'^, (this 

can be done if n is sufficiently large). After rescaling the ambient metric by the factor oo 

and identifying with the origin 0, we conclude that the sequence {X'j^Bn{p'^, ^)}n converges 
to the open ball B(f) of with its usual metric. Similarly, we can consider {X' BM{Pn^ ^)}n 

to be a sequence of embedded minimal surfaces with boundary, all passing through = () with 
injectivity radius 1 at this point. 

Lemma 4.1 The injectivity radius function of X'nM (i.e., of M endowed with the rescaled metric 
by the factor X') restricted to Xj BMipLi tt) 1^ greater than some positive constant independent 
of n large. 


Proof. Pick a point Zn G BM{Pn^ Since for n large enough, Zn belongs to BM{qn, 1), we 

'^n ' 

have 

1 _ ^ hniPn) _ 1)) 

(3) 

By the triangle inequality, dM{p'n-, dBM{qn, i)) < ^ + duizn, dBM{qn, 1)) and so, 

dM{Pn,dBM{qn,l)) ^ ^ _ t _ 

dM{Zn,dBM{qn,l)) ~ X'ndMiZn,dBM{qn,l)) 

<1 ^ 1 ^ 

K {dMip'n, dBMiqn, 1)) - 4;) KdMip^n, dBMihn, 1)) " t 

fl + ^. (4, 

which tends to 1 as n —)• oo, thereby proving the lemma. □ 
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4.1 A chord-arc property and the proof of items 1, 2, 3 of Theorem [Llj 

With the notation above, we define 


n 


tn = —, M{n) = 


( 5 ) 


Since by (2i KiPn) > n > tn, then ^ = dM{Pn, dBuiqn, 1))- Therefore 

z G BM{p'n^ ^), we have 


given any 


dM{z,qn) < dM{z,p'J + dM{Pn,qn) < ^ +C^M(Pn>9n) 

'^n 

< dM{Pn-, dBuiqn, 1 )) + dMip'n, qn) = 1 , 

that is, z G BM{qn, !)■ This last property lets us apply (|^ and Q to conclude that for n large and 
G Bm^Pu^ 4^), we have 

'^n 

1 tn 

< 1 + < 2; (6) 

\'^Im{z) n-tn 

hence the injectivity radius function of the complete surface A^M is greater than ^ at any point in 
M{n). This clearly implies that 

(Inj) M (n) has injectivity radius at least ^ at points of distance greater than A from its bound¬ 
ary. 

Proposition 4.2 Given Ri > 0, there exists 6 = 6{Ri) G (0, j) such that for any R G (0, i?i] and 
for n sufficiently large, the closure S(n, 6R) of the component of M{n) n By^j^jfp'^, 6R) passing 
through p'^ has c?S(n, 6R) C dBx>^]\[{p'^, 6R) and satisfies 

j:{n,6R) C Bj^^^^ip'^, f). (7) 

Furthermore, the function r G (0, oo) i—)• 6{r) G (0, g) can be chosen so thatdfr) is nonincreasing 
and r 6{r) ^ oo as r ^ oo. 


Proof We will start by proving the following property. 

(C) Given Ri > 0, there exists 6 = S(Ri) G (0, such that with the notation of the lemma, the 
inclusion in (|^ holds for all R G (0, i?i]. 


Arguing by contradiction, suppose there exists a sequence \ 0 so that S(n, 6nRn) intersects 
the boundary of for some < Ri. Observe that we can assume that the number 

iZo > 0 appearing in Theorem 


2.4 


is not greater than For n sufficiently large, all points in 
^M{n)^Pn^ Bq) are at intrinsic distance greater than A from the boundary of M{n), and thus, the 
injectivity radius property (Inj) implies that Rf) is topologically a disk whose injec¬ 

tivity radius function coincides with the distance to its boundary function. This property together 
with the fact that 5n < d' for n large (here 5' is the positive constant that appears in Theorem |2.4[ ) 
allow us to apply Theorem 2.4 to conclude that Rn > Ro- 
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As S(n, 6nRn) n / 0, then there exists a curve 7 n: [ 0 , 1 ] J:{n,6nRn) 

such that 7 „( 0 ) = 7 „( 1 ) G and 7 „(t) E for all t E [0,1). In 

particular, the length of 7 „ is at least ^. 

Consider the positive numbers = > ——-cx) and note that the scaled surfaces 

OnRn OnRl 

Tn'B{n, 6nRn) Can be viewed as the closure of the component of 

Tn[M{n) n Bx'^N{p'n,SnRn)] = TnM{n) H Br^x'^xfiPn, 1) 

that passes through recall that B^-^x'^NiPn^ 1) taken arbitrarily close to IB(1) with its 

standard flat metric. Let 7 ^ C rnS(n, be the related scaling of 7 „. Since the intrinsic 

distance from 7 n( 0 ) = 0 = to 7 n(l) in TnT.{n, SnRn) is ^ -^ cc, then for n large 

there exists a collection of points Qn = {qi, C 7 ^ C IB(1) whose intrinsic distances 

from each other in TnM{n) are diverging to infinity and with k{n) —)> 00 as n — 00; here we are 
viewing IB(1) as being exponential coordinates for B^-^x' N{p'ni 1) so, we can consider all of 
the curves 7 ^ to lie in the open unit ball in with metrics converging to the usual flat one. In 
particular, there are positive numbers —)■ 00 such that 




forms a pairwise disjoint collection of intrinsic balls contained in the interior of TnM(n), and 
property (Inj) implies that 

(Injl) The intrinsic distance from each B^ M(n)^^k-’ to the boundary of TnM{n) is at least 1 
for n sufficiently large (this holds because 00 and tn —>• 00), and the injectivity radius 
of TnM{n) is at least 2 at points of distance at least 2 from the boundary of TnM{n). 


Since the number of points in Qn is diverging to infinity as n —)■ 00, then after replacing by 
a subsequence, there exists a sequence of pairs of points ^ q^, E Qn such that {q^}n, {Qf}n 


By property (Injl), B 


converge to the same point q^o E 
are minimal disks that satisfy the hypotheses of Theorem 2.4 

^TnX'„N{Qj', ^'Rq 




of the components of B^ 
passing respectively through qj 


B 


Therefore, the closures Dn , D'n 
.{q^,Q)r^Bn^X'M^l,6'Ro) 


q 


“ “u/y T„M(n)vij' 

are disks with their boundaries in the respective ambient 


boundary spheres, where 5\ Rq are defined in Theorem 2.4 For n large enough, we may assume 
that the boundaries of extrinsic balls of radius at most 1 in r„A'„A^ are spheres of positive mean 
curvature with respect to the inward pointing normal vector. The mean curvature comparison 
principle implies that the respective components Dn,Dn of Dn n Bn„x'N{qoo,5'Ro/2), D'n El 


RrnX'^Niqoo, S'Ro/2) passing through the points q”, q'^, are disks with their boundary curves in 
BrnX'^Niqoo, S'Ro/2), see Figure]^ 

As described in the proof of the minimal lamination closure theorem in |[3^ . the extrinsic]^ 
one-sided curvature estimates for minimal disks of Colding-Minicozzi (Corollary 0.4 in ifTTIl l im¬ 
ply that there exists a constant C > 0 only depending on N such that the norm of the second 
fundamental forms of the subdisks of Dn, D'n in the smaller ball f?T„A' NiQoo,^'Ro/^) containing 
the respective points q”, q”,, are bounded by C (see Theorem 7 in ll^ for an exact statement of this 


^One could instead use the intrinsic version of the one-sided curvature estimates (Corollary 0.8 in Colding and 
Minicozzi CD) to shorten this argument. 


11 









result). Since these subdisks have uniformly bounded second fundamental forms, a subsequence 
of these subdisks converges to a compact minimal disk D{qoo) passing through q^o with boundary 
in the boundary of the ball B (goo, and the norm of the second fundamental form of D{qao) 

is everywhere bounded from above by C. A prolongation argument (see for instance the proof of 
Theorem 4.37 in Perez and Ros B2ll ) implies that D{qao) lies in a complete, embedded minimal 
surface M(oo) in with its flat metric and with the norm of the second fundamental form of 
M{oo) bounded from above by C; furthermore, M{oo) must be proper in by Theorem 2.1 
in lir/ll . 

The above arguments also prove that for any fixed T > 0, for n sufficiently large, the 
norms of the second fundamental forms of the intrinsic balls B , (g”, T), 7? \(q^i,T), 

are bounded from above by 2C. By Lemma 3.2 in ||33|, for T sufficiently large, the boundary of 
the component of 3) that passes through g7 lies on the boundary 

of the ball BT-^y^j^{q^, 3). This is a contradiction since for n sufficiently large, the curve 7 „ inter¬ 
sects this component, 7 „ does not intersect the boundary of the component and 7 „ passes through 
the point g”, 0 B^ contradiction proves Property (C). 


^ 2 


Note that given Ri > 0, we can assume that the number given by ^ satisfies t 
for n sufficiently large; this implies that given R G (0, i2i], by definition of S(n, 6R), no points 
in Ti{n,6R) are in the boundary of M{n). Thus, the boundary OSfra , 6R ) is contained in the 


4.2 


boundary of Bx'^NiPn^ as stated in the first sentence of Proposition 

To finish the proof of Proposition |4.2[ it remains to show that 6 = d{Ri) can be chosen so 6{r) 
is nonincreasing and that r 6(r) oo as r ^ oo. Property (C) lets us define for each r G (0, oo), 
6{r) as the supremum of the values <5 G (0, such that for n sufficiently large, the inclusion in 
Q holds for this value of 6, for all R < r. Note that the function r ^ 5{r) is nonincreasing. In 
order to complete the proof of the proposition it suffices to show that lim^-^-oo r 5{r) = oo. 

Arguing by contradiction, suppose that there exists a sequence —)• oo such that ( 5 (r„) < 
K, for some K G (1, oo); in particular limr-^-oo = 0. By the definition of ( 5 (r), it follows that 
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after choosing a subsequence, 

T.{n,25{rn)Rn) for somc e {Ro,rn]- ( 8 ) 

We claim that 

lim Rn = oo. 

n^oo 

Otherwise, after choosing a subsequence, we have Rn < C" for some C" > 1 
also assume that 6{rn) < ^6{C') for all n G N. But then, 

E(n,2?(r„)i?„) C J:{n,6{C')Rn) C ^{n,S{Rn)Rn) ^ (10) 

which contradicts Therefore, @ holds. 

Now define -. By property (Inj), the rescaled surfaces TnM{n) have injectivity 

d{rn)Rn 

radius bounded from below by 

Tn _ 1 ^ 1 ^ 

2 26{rn)Rn 25{rn)rn 

at points of distance at least t„/2 from its boundary. Furthermore, the scaled surfaces 

Tn'^ijli 25{Tn)Rn') 

can be viewed to be contained in the ball B(2). As in the previous case where r = Ri was 
fixed, one can define curves 7 ^, in S(n, 25{rn)Rn) such that the associated scaled curves 7 ^ in 
TnT,{n, 26{rn)Rn) have intrinsic distances between the end points of 7 ^ diverging to infinity and 
n —)■ 00 . From straightforward modifications of the arguments in the first part of the proof of 
this proposition, one arrives to a contradiction; for these modifications one does not need that the 
injectivity radii of the surfaces r„M(n) are at least 2 but just that they are bounded from below by 
a uniform constant. This contradiction proves that limr^oo r 6{r) = 00 and completes the proof 
of the proposition after redefining 6{r) by S{r). □ 


(9) 

. Note that we may 


Remark 4.3 In Proposition 4.2 the value of r 1 —)• 6{r) might depend a priori on the homoge¬ 


neously regular ambient manifold N where the blow-up process on the scale of topology was 
performed or on the complete minimal surface M with injectivity radius zero. In fact, this 6{r) 
can be chosen independent upon N because the inclusion in Q is invariant under rescaling once 
the metric on the scaled manifold is sufficiently C^-close to a flat metric and the injectivity 
radius of X'nN is at least 1. A similar argument shows that 6{r) can be also chosen independent of 
the minimal surface M. 


We next continue with the proof of Theorem |l.l| Consider the nonincreasing function <5: (0, 00 ) —>• 
(0, given by Proposition |4.2[ The function 6: (0, 00 ) (0, described in the statement of 

Theorem |l.l| can be defined as any smooth decreasing function such that ^6{r) < 6{r) < 6{r) for 
any r > 0. In particular, Q holds true after replacing 6 by 6, and r (i(r) —>• cx) as r —)■ 00 . 

Lemma 4.4 Items 1, 2, 3 ofTheorem\l.l\hold. 
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Proof. By the last statement in Proposition |4.2[ for A; G N, we can pick values > 0 such that 
T/'k S{rk) = k. In particular, Proposition |4.2| ensures that 5S(n, k) C k) and 

S(n, A:) C y) (11) 

for all n > n{k), where n{k) G N that can be assumed to tend to infinity as A: —)■ oo. Furthermore, 
we can also assume n{k) is chosen so that —)• 0 as A: —)■ oo. Defining 

fhen efc —)• 0 as A: —)■ oo. Finally, we define for every A: G N 

Pk=p'n{k) and Mfc =- 7 ^S(n(k), A;). (12) 

n{k) 

Then, ifem 1 of Theorem o follows direcfly from ( [TT] ). Ifem 2 of fhe fheorem also holds from 
affer replacing by a further subsequence, and ifem 3 of fhe fheorem hold frivially since N is 
homogeneously regular and Afc = 1/ lM{Pk) = ^n{k) tei^^s fo oo as A: —)• oo. This complefes fhe 
proof of fhe lemma, after replacing A; by n. □ 

From fhis poinf on in fhe proof, we will assume fhaf fhe firsf fhree ifems of Theorem [TTT] hold 
for fhe sequence of poinfs pn € M and we will discuss fwo cases in disfincf subsecfions, depending 
on whefher or nof a subsequence of fhe surfaces XnBM{Pn, 5 ^) has uniformly bounded Gaussian 
curvafure (fhe bound could depend on f > 0). Before doing fhis, we will sfafe a properfy which 
will be useful in bofh cases. 

Assertion 4.5 For n large, there exists an embedded geodesic loop j3n C XnMn of length two 
based at pn (smooth except possibly at pn) which is homotopically nontrivial in XnMn- 


Proof Since fhe surfaces XnMn are minimal and fhe secfional curvafures of fhe ambienf spaces 
XnN are converging uniformly fo zero, fhen fhe Gauss equation implies fhaf fhe exponenfial map 
expp^ of Tp„ (XnMn) resfricfed fo fhe closed mefric ball of radius 2 centered af fhe origin is a local 
diffeomorphism. As fhe injecfivify radius of XnMn af Pn is 1, then exp^^ is a diffeomorphism 
when restricted to the open disk of radius 1 , and it fails to be injective on the boundary circle of 
radius 1. Now it is standard to deduce the existence of a geodesic loop j3n as in the statement of 
the assertion, except for the property that I3n is homotopically nontrivial which we prove next. 

Arguing by contradiction and after extracting a subsequence, assume that (dn is homotopi¬ 
cally trivial in XnMn- Thus, fdn bounds a disk Dn C XnMn- Observe that XnMn is contained 
in Bx^]^{pn,n) (this follows from ( [T^ and from Definition 2.31. Since the extrinsic spheres 
dB\^N (pn, R) have positive mean curvature for n large with respect to the inward pointing nor¬ 
mal vector (because they are produced by rescaling of extrinsic balls of radius R/Xn —)■ 0 in the 
homogeneously regular manifold A^) and C Bx^]^{pn,n) withdDn = ^n C f?A„M„(Pn,2) C 
R\nN{Pn, 2), then the mean curvature comparison principle implies Dn C Bx^j^(pn, 2). As the 
halls Bx„N{Pn, 2 ) are converging uniformly to the flat ball 18(2), and 18(2) contains no closed min¬ 
imal surfaces without boundary, then the isoperimetric inequality in Il48l implies that there exists 
an upper bound Aq for the areas of the disks Dn (here we are using Theorem 2.1 in ll48l on the 
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mean convex balls -BA„ 7 v(Pn, 2) for n large, hence the constant Ao does in principle depend on n; 
the fact that Aq can be taken independently of n large follows from the upper semicontinuous 
dependence of Aq on the ambient Riemannian manifold with mean convex boundary, see the sen¬ 
tence just before Corollary 2.4 in ||48]| ). As the limsup of the sequence of numbers max/)^ K\^m„ 
is nonpositive, then the Gauss-Bonnet formula gives 

2-k= + O' < + TT, 

J Dji J Dn 

where a is the angle of (3n at pn- The above inequality is impossible, since as n —oo, 



Kx, 


Mr 


< niax(A:A„M„ 

-T/n 


Aq < lim sup 


inaxA'A„M. 

\ 


Ao < 0. 


This contradiction proves that the embedded geodesic loop j3n is homotopically nontrivial in 

AnM„. □ 


4.2 The case of uniformly bounded Gaussian curvature on compact subsets of 

Proposition 4.6 In the situation above, suppose that for every f > 0, the surfaces XnBM{Pn, 
have uniformly bounded Gaussian curvature. Then, item 4 of Theorem \1.1\ holds. 

Proof. In the special case that there exists C > 0 so that for every t > 0 there exists n{t) £ N 
such that the surfaces XnBM{Pn, -^),n> n{t), have absolute Gaussian curvature bounded by C, 
then a complete proof of this proposition can be found in Section 3 of |[33l . We will next modify 
some of those arguments in order to deal with the more general current situation, where the bound 
C might depend on f > 0. 

Fix f > 0. As by hypothesis the surfaces XnBM{Pm 5 ^) have uniformly bounded Gaussian 
curvature, then they also have uniformly bounded area by comparison theorems in Riemannian 
geometry (Bishop’s second theorem, see e.g.. Theorem III.4.4 in Chavel [4J). After extracting 
a subsequence, the compact surfaces XnBM{Pn, ■^) converge on compact sets of (possibly 
with integer nonconstant multiplicities) to an embedded, compact minimal surface with boundary 
Moo(f) C IB(f), with bounded Gaussian curvature, such that 0 lies in the interior of Moo(f). We 
claim that the intrinsic distance from 0 to dMoo{t) is t. To see this, first note that this intrinsic 
distance is clearly at most t, as t is the radius of XnBM{Pn, Let a be a minimizing geodesic 
from 0 to dMao{t). For n large, one can lift a normally to nearby arcs an on XnBM{Pn, 
each of which starts at 0 and has one end point in d[XnBM{Pni 5 ^)]’ so that their lengths converge 
as n —)■ 00 to the length of a. Clearly the length of is at least f; hence after taking limits we 
deduce that the length of a is at least t, and our claim is proved. 

Consider an increasing sequence 1 = ti < t 2 < ■ ■. with tm ^ 00 as m ^ 00. For m = 1, 
consider the eompact surface Moo(l) together with the sequence of surfaces XnBM{Pn, that 
converges to it (after passing to a subsequence). For this sequence, consider the corresponding 
intrinsic balls XnBM{Pm ^)- After extracting a subsequence, these surfaces converge to Moo{t 2 )\ 
in particular, Mqo (1) C Moo (^ 2 )- Repeating this argument and using a diagonal subsequence, one 
can construct the surface 

OO 

Moo = U Moo(^„^). 
m=l 
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As the intrinsic distance from 0 to dMao{tm) is tm for every m G N, then Moo is a complete, 
injectively immersed minimal surface in without boundary. Observe that for every m, the con¬ 
vergence of the limit of the surfaces XnBM{Pn, to Moo(fm) is one, as follows, for example, 
from the arguments in the proof of Lemma 3.1 in (higher multiplicity produces a positive Ja¬ 
cobi function on Moo, hence Moo is stable and so. Moo is a plane, which contradicts the following 
assertion). 

Assertion 4.7 Moo B not a plane. 


Proof. Consider for each n G N 
based at pn given by Assertion 


4.5 


arge, the embedded geodesic loop ( 3 n C XnMn of length two 
Clearly, I 3 n C XnBM{Pn, ^)- As the surfaces XnBjuiPn, ■^) 
converge on compact subsets of M'* to Moo (1), then the /3n converge after passing to a subsequence 
to an embedded geodesic loop /3oo C Moo(l), which is impossible if Moo were a plane. Hence 
the assertion follows. □ 


We next analyze the injectivity radius function of Moo- Fix m £ N. Since Moo{tm) is com¬ 
pact and injectively immersed, then there exists p{tm) > 0 such that Moo(fm) admits a regular 
neighborhood U{tm) C of radius p{tm) and we have a related normal projection 


Btm ■ B{tm) —^ M^{tm)- 

In this setting. Lemma 3.1 in ll^ applie^to give the following property: 

Assertion 4.8 Given m G N, there exists k £ N such that ifn'>k, then XnBM{Pn, A con¬ 
tained in U {tm+i) and XnBM{Pn, A a small normal graph over its projection to Moo(fm+i). 
i.e., 


+ l ) I 

is a dijfeomorphism. 


iPr 


XnB]\/[{pfi, jf) y ^XnBM{pfi, C M^oo(fm-l-l) 


We now remark on some properties of the minimal surface Moo C 


By Assertion 4.8 


given m G N there exists A: G N such that we can induce the metric of XnBM{Pn, to its 
projected image (^XnBM{Pn, through the diffeomorphism As the sequence 

{XnBM{Pn^)}n Converges to M^{tm) with multiplicity one as n —)• oo, then using the conti¬ 


nuity of the injectivity radius function with respect to the Riemannian metric on a given compact 
surface (see Ehrlich IT^ and Sakai 1041) and inequality Q, we deduce that 


i^Moo) iMoo(tm) {B„m) \x„Bh 


(Pr 


, N > lim - 

n^oo 1 -|- 


= 1 . 


(13) 


n — tn 


Hence, we conclude that Im^ > 1 everywhere on Moo, with Im^ (0) = 1. 

Since Moo C is a complete embedded minimal surface in with positive injectivity 
radius, the minimal lamination closure theorem 0 ^ insures that Moo is properly embedded in 
This finishes the proof of Proposition |4.6| □ 


®In Section 3 of 1331 we had the additional hypothesis that Moo has globally bounded Gaussian curvature, hence it 
is proper; nevertheless, the proof of Lemma 3.1 in 1331 only uses that Moofm) is compact for each m £ N and that 
Moo is not a plane (or more precisely, that the convergence of the limit {X„BM{Pn, ^ Moofm) is one, which 

in turn follows from the fact that Moo is not a plane), conditions which are satisfied in our current setting. 
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4.3 The case of Gaussian curvature not uniformly bounded. 

Suppose now that the uniformly bounded Gaussian curvature hypothesis in Proposition |4.6| fails 
to hold. It follows, after extracting a subsequence, that for some fixed positive number t\ > 0, 
the maximum absolute Gaussian curvature of the surfaces X'^BMiPn, diverges to infinity as 
n — )• oo. To finish fhe proof of Theorem [TTT] if remains fo show fhaf under fhis condition, ifems 5 
or 6 hold. 

Definition 4.9 A sequence of compacf embedded minimal surfaces in wifh boundaries 
diverging in space, is called uniformly locally simply connected, if fhere is an e > 0 such fhaf for 
any ambienf ball B of radius e > 0 and for n sufficienlly large, B infersecfs in compacf disks 
wifh boundaries in fhe boundary of B (fhis definifion is more resfricfive fhan fhe similarly defined 
nofion in fhe infroducfion of |fT3]| . where e mighf depend on B). 

We nexf refum fo fhe proof of Theorem |1.1[ By fhe discussion in fhe proof of Proposition |4.2| 
(also see Theorem |2.4[ ), fhe sequence of minimal surfaces can be considered fo be uniformly 

locally simply connecfed, as fhe mefric balls confaining fhe surfaces are converging fo wifh fhe 
usual mefric. Thus, 

(ULSC) There exisfs ei G (0,1/2) such fhaf for every ball B C of radius £\, and for n 
sufficienlly large, {XnMn) n B consisfs of disks wifh boundaries in SB. 

In fhis sifuafion, several resulfs by Golding and Minicozzi ||8l|9l|TTl|T3l apply fo describe fhe nafure 
of bofh fhe surfaces in fhe sequence and fheir limif objecfs afler passing fo a subsequence. 

We nexf briefly explain fhis descripfion, which can also be modified fo work in fhe setting of a 
homogeneously regular manifold (see for insfance page 33 of |8| and ||3^ ). 

Definition 4.10 In polar coordinates (p, 6) on — {0} wifh p > 0 and 0 G M, a k-valued graph 
on an annulus of inner radius r and outer radius R, is a single-valued graph of a real-valued 
function u{p, 9) defined over 

^)\r < p<R, |6 '| < /ctt}, (14) 


k being a posifive infeger. 

By fhe one-sided curvafure esfimafes for minimal disks as applied in fhe proof of Theorem 0.1 
in ifTTl (also see fhe proof of Theorem 0.9 in ifT^ l. fhere exisfs a closed sef S C M^, a nonempfy 
minimal laminafion £ of — 5 which cannof be exfended across any proper closed subsef of 
S, and a subsef S{C) C C which is closed in fhe subspace topology, such fhaf after replacing by 
a subsequence, {A„Mji}„ has uniformly bounded second fundamenlal form on compacf subsefs 
of — A(£) where A(£) = 5 U S{C), and {XnMn}n converges G", a G (0,1), on compacf 
subsefs of — A(£) fo C. 

Around each poinf p G A(£), fhe surfaces XnMn have fhe following local description. By 
(ULSC) and Theorem 5.8 in [19*1, there exists s G (0,ei) such that after a rotation of and 
extracting a subsequence, each of the disks {XnMn) H B(p, e) contains a 2-valued minimal graph 
defined on an annulus {(xi, X 2 , 0) | -|- x| < R^} wifh inner radius \ 0, for certain 

R G {rn, e) small buf fixed. 
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Figure 4: Left: Case (Dl), in a neighborhood of a point p G S{C). Center: Case (D2-A) for 
an isolated point p G 5; in the picture, p is the end point of an arc contained in S{C), although 
D{p, *) could also be the limit of two pairs of multivalued graphical leaves, one pair on each side. 
Right: Case (D2-B) for a nonisolated point p £ S. 


(Dl) If p G S{C) (in particular, £ admits a local lamination structure around p), then after possi¬ 
bly choosing a smaller e > 0, there exists a neighborhood of p in B(p, e) which is foliated 
by compact disks in £ n ]B(p, e), and S{C) intersects this family of disks transversely in a 
connected Lipschitz arc. This case corresponds to case (P) described in Section II.2 of |[T3l . 
In fact, the Lipschitz curve 5(£) around p is a C^’^-curve orthogonal to the local folia¬ 
tion (Meeks 112X1 l22]l l. See Figurej^left. 

(D2) If p G 5, then after possibly passing to a smaller e, a subsequence of the surfaces {(A,iM„) n 
B(p, e)}„ (denoted with the same indexes n) converges C", a G (0,1), on compact subsets 
of B(p, e) — A(£) to the (regular) lamination £p = £ n B(p, e) of B(p, e) — Sp, where 
= 5 n B(p, e). Furthermore, £p contains a limit leaf D{p, *) which is a stable, minimal 
punctured disk with dD{p, *) C clB(p, e) and D{p, *) (1 Sp = {p}, and D{p, *) extends 
to a stable, embedded minimal disk D{p) in B(p, e) (this is Lemma II.2.3 in ifl^ l. By 
Corollary 1.1.9 in lITTIl . there is a solid double con ^CpC B(p,e) with vertex at p and 
axis orthogonal to the tangent plane TpD{p), that intersects D{p) only at the point p (i.e., 
D{p, *) C B(p, e) — Cp) and such that [B(p, s) — Cp] n A(£) = 0. Furthermore for n large, 
(XnMn) n B(p, e) has the appearance outside Cp of a highly-sheeted double multivalued 
graph over D{p, *), see Figure]^ 

In this local description of this case (D2), it is worth distinguishing two subcases: 

(D2-A) If p is an isolated point in S, then the limit leaf D{p,*) of Cp is either the limit of two 
pairs of multivalued graphical leaves in Cp (one pair on each side of D{p, *)), or D{p, =t=) is 
the limit on one side of just one pair of multivalued graphical leaves in Cp', in this last case, 
p is the end point of an open arc F C S'(£) n Cp, and a neighborhood of p in the closure of 
the component of B(p, e) — D{p, *) that contains F is entirely foliated by disk leaves of Cp. 
See Figure [^center. 

(D2-B) p is not isolated as a point in S. In this case, p is the limit of a sequence {pm}m C 
S n Cp. In particular, D{p) is the limit of the related sequence of stable minimal disks 

’’a solid double cone in R® is a set that after a rotation and a translation, can be written as { {xi,X 2 ,X 3 ) \ X 2 + X 2 < 
< 5 ^* 3 } for some 5 > 0. A solid double cone in a ball is the intersection of a solid double cone with a ball centered at its 
vertex. 


18 

































































Figure 5: The local picture of disk-type portions of around an isolated point p € S. The 

stable minimal punctured disk D{p, *) appears in the limit lamination Cp, and extends smoothly 
through p to a stable minimal disk D{p) which is orthogonal at p to the axis of the double cone Cp. 


D{pm), and D{p,*) is the limit of a sequence of pairs of multivalued graphical leaves of 
Cp n [B(p, e) — {Cp U {D{pm)}m]- Note that these singular points pm might be isolated or 
not in S. See Figure |^right. 

We next continue with the proofs of items 5 and 6 of Theorem o Since the maximum 
absolute Gaussian curvature of the surfaces XnBM{Pn, diverges to infinity as n —)■ cx) and 
XuBiniPn, is contained in XnMn for n sufficiently large, then A(£) is nonempty and contains 
a point which is at an extrinsic distance at most ti from the origin in 

Lemma 4.11 Let p G A(£). Then, there exists a limit leaf Lp of C whose closure Lp in is a 
plane passing through p. Moreover, the set 


V' = {Lp\pG A(£)} 


is a nonempty, closed set of planes. 

Proof. The previous description (D1)-(D2) shows that there exists a minimal disk D{p) passing 
through p such that D{p, *) = D{p) — {p} is contained in a limit leaf L of C. As L is a limit 
leaf of C, then the two-sided cover L of L is stable (Meeks, Perez and Ros ||32l[3ll). Consider the 
union L of L with all points q G S such that the related punctured disk D{q, =t=) defined in (D2) 
above is confained in L. Clearly, fhe fwo-sided cover of L is sfable and fhus, fhe classificalion of 
complete sfable minimal surfaces in (see e.g. do Carmo and Peng |[T5]| . Fischer-Colbrie and 
Schoen ifTSl or Pogorelov ||43l) implies fhaf fo prove fhe lemma if remains fo demonsfrafe thaf L 
is complete. 

Arguing by confradicfion, suppose fhaf fhere exisfs a shorfesf unif speed geodesic 7 : [0, 1) —)> 
L such fhaf 7 ( 0 ) G L and p := limj_^;- 7 (f) G S. Therefore, fhere exisfs <5 > 0 such fhaf 
7 (f) G IB(p, e) for every t G [I — 6 , 1 ), where B(p, e) is fhe closed ball fhaf appears in (D2). Note 
fhaf by consfrucfion, 7 (t) ^ D{p,*) for every t G [I — 6 , 1 ). As D{p) separates B(p, e), fhen 
7 ([/ — 6,1)) is confained in one of fhe fwo half-balls of B(p, e) — D{p), say in fhe upper half-ball 
(we can choose orfhogonal coordinates in centered af p so fhaf TpD{p) is fhe (xi, X 2 )-plane). 
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In particular, there cannot exist a sequence of {pm}m C S converging to p in that upper half-ball 
(otherwise pm produces a related disk D{pra) which is proper in the upper half-ball, such that the 
sequence {D{pm)}m converges to D{p) as m —)• oo; as 'y{l — 6) lies above one of these disks 
D{pk) for k sufficiently large, then 'y{[l — 6,l)) lies entirely above D{pk), which contradicts that 7 
limits to p). Therefore, after possibly choosing a smaller e, we can assume that there are no points 
of S in the closed upper half-ball of B(p, e) — D{p) other than p. Now consider the lamination 
Cl of ]B(p, e) — {p} given by D{p) together with the closure of L n ]B(p, e) in ]B(p, e) — {p}. 
As the leaves of Ci are all stable (if L is two-sided; otherwise its two-sided cover is stable), then 
Corollary 7.1 in |[34ll implies that Ci extends smoothly across p, which is clearly impossible. This 
contradiction proves the first statement in the lemma. 

We now prove the second statement of the lemma. Suppose that {pni}m C A(£) and the 
related planes Lp^ converge to a plane P C as m —)• 00 . Arguing by contradiction, we 
suppose that P n A(£) = 0. Given m G N, consider a closed disk D{qm,£i) in P of radius 
> 0 centered at the orthogonal projection qm of pm over P, where si G (0,1/2) was defined 
in Properfy (ULSC). As P lies in C (because C is closed in — 5 and P CiS = 0) and P does 
nof confain poinfs of A(£), fhen q^ is af positive disfance from A(£); in particular, D{qm,ei) 
can be arbifrarily well-approximafed by almosf-flaf closed disks Dn,m in for n large. For 

m large, fhe componenf 0n{Pm) of (A„M„) n]B(qm, ^) fhaf confains pm is a compacf disk which 
is disjoinf from fhe almosf-flaf compacf disk Dn,m H B(qmj and fhus, 0n{Pm) lies af one side 
of Dn,m n B(qm, ^)- As Pm G 0n{Pm) is arbifrarily close fo Dn,m n B(gm, (for m large), 
fhen we confradicf fhe one-sided curvafure esfimafes for embedded minimal disks (Corollary 0.4 
in El). Now fhe proof of fhe lemma is complefe. □ 


In the sequel, we will assume that the planes in V are horizontal. 

Recall that our goal in this section is to prove that items 5 or 6 of Theorem o occur. The 
key to distinguish which of these options occurs will be based on the singular set S of £: If 
5 = 0 (hence £ is a lamination of M^) then item 5 holds, while if 5 7 ^ 0 then item 6 holds. This 
distinction is equivalent to £ = P or £ 7 ^ P. The arguments to prove this dichotomy are technical 
and delicate; we will start by adapting some of the arguments in the last paragraph of the proof of 
Lemma|4.1 l|to demonstrate the following result. 


Lemma 4.12 Every flat leaf of C lies in a plane in V, and no plane in is disjoint from £. 


Proof Arguing by contradiction, suppose £ is a flat leaf in £ which does not lie in a plane in 
P'. Hence, L does not intersect A(£). This implies that L is a plane and arbitrarily large disks 
in L can be approximated by almost-flat disks in the surfaces XnMn- Since these surfaces have 
injectivity radius greater than 1/2 at points at distance at least 1/2 from their boundaries, then 
the one-sided curvature estimates for minimal disks (Corollary 0.4 in El) imply that there are 
positive constants 6 and C, both independent of L, such that for P > 0 and for n sufficiently 
large, the surface 

{XnMn) n {|X 3 - xflL)\ < ()} nB((),P) 

has Gaussian curvature less than C. From here, we deduce that the leaves of £n{|x 3 —X 3 (£)| < <)} 
have uniformly bounded Gaussian curvature. From this bounded curvature hypothesis, the proof 
of Lemma 1.3 in |[35l implies that {|x 3 — xs{L)\ < 5} n £ consists only of planes of £; hence, 
the distance from L to A(£) is at least 6. Let £' be the minimal lamination of — 5 obtained 
by enlarging £ by adding to it all planes which are disjoint from £. Note that by the one-sided 
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curvature estimates in iHTl . each of the added on planes is also at a fixed distance at least <5 > 0 
from A(£) and from leaves of C which are not flat, where 6 is the same small number defined 
previously. Hence, the planes of C which are not in V' form a both open and closed subset of 
but is connected. Hence, this set is empty. 

Note that the arguments in the last paragraph also prove that no plane in — £ is disjoint 
from £, which proves the lemma. □ 

Clearly, the closure of every flat leaf of £ is an element of V' and vice versa, which gives a 
bijection between V' and the collection V that appears in the statement of item 6 of Theorem |1.1| 

Lemma 4.13 Consider a point x G A(£) and the plane Lx G V' passing through x. Then, the 
distance between any two points in H A(£) is at least 1. 

Proof. Given any p ^ Lx H A(£), Lx contains the disk D{p) that appears in description (D2) 
above. Since the sequence {AnM„}„ is uniformly locally simply connected, the Colding-Minicozzi 
local picture (D1)-(D2) of A„,M„ near a point of A(£) implies that there exists an r/ > 0 so that 
for every pair of distinct points p,q G n A(£), the distance between p and q is at least rj. Fix 
p & Lx Cl A(£) and take a point q £ Lx C] A(£) closest to p. Hence, A(£) only intersects the 
closed segment \p, q] = {tp + {I — t)q \ t £ [0,1]} at the extrema p, q. Using the plane Lx as 
a guide, one can produce homotopically nontrivial simple closed curves 7 „ on the approximating 
surfaces A„M„ which converge with multiplicity 2 outside p, q to the segment [p, q] as n —oo 
(see for example the discussion just after Remark 2 in 1291). Our injectivity radius assumption 
implies that the length of the is greater than or equal to 2, which implies after taking n —)■ oo 
that the distance between p and q is at least 1. This finishes the proof of the lemma. □ 


Definition 4.14 Given p £ A(£), we assign an orientation number n{p) = ±1 according to the 
following procedure. Outside a solid double vertical cone Cp C B(p, e) based at p, there exists a 
pair of multivalued graphs contained in the approximating surface XnMn for n large, which, after 
choosing a subsequence, are both right or left handed for n sufficiently large (depending on p). 
Assign a number n{p) = ±1 depending on whether these multivalued graphs in XnMn occurring 
nearby p are right (+) or left handed (—). 

We also define, given a plane P £ V, 


^ \'^{p)\ = Cardinality(P n A(£)) G N U {oo}. 

pePnA(z:) 


By Lemma 4.13 the set P n A(£) is a closed, discrete countable set. After enumerating this set 
and applying a diagonal argument, it is possible to choose a subsequence of the XnMn so that 
locally around each point p £ P n A(£), there exists n{p) £ N such that XnMn contains a pair 
of multivalued graphs around p with a fixed handedness for all n > n{p). This allows us to define 
consistently the number 


E n{p) £ Z, provided that P n A(£) is finite. 
pePnA(£) 


Our next step will be to study the local constancy of the quantities |/| (P) and I{P) when we 
vary the plane P G V. Recall that the sequence {XnMn}n is uniformly locally simply connected 
close, see Property (ULSC). 
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Lemma 4.15 Given P G V, there exists /ig = hoiP) ifxGPCi A(£), then for every 

P' G V' with |x3(P) — X3(P')| < hq there exists a unique point x' G P' H A(£) n ]B(x, e) (this 
number e > 0 was defined in Description (D1 )-(D2)), and the handedness of the two multivalued 
graphs occurring in (a subsequence of) the XnMn nearby x coincides with the handedness of the 
two multivalued graphs occurring in XnMn nearby x' (note that in particular, we do not need to 
change the subsequence of the XnMn to produce a well-defined handedness at x'). In particular, 
if\I\{P) < oo, then \I\{P') = |/|(P) and I{P') = I{P). 


Proof We will start by proving the following simplified version of the first sentence in the state¬ 
ment of the lemma. 

Claim 4.16 Suppose P = {x^ = 0} € V' and x = 6 € P D A(£). Then, there exists po > 0 
such that if P' G V' and |x 3 (P')| < pQ, then there exists a unique point x' € P' D A(£) H B(e). 

Proof of the Claim. Arguing by contradiction, assume that there exists a sequence P(m) of hor¬ 
izontal planes in V' of heights xz,m converging to 0 as m —)■ oo, so that for each m G N, the 
open disk P(m) n ]B(e) does not contain any point in A(£). After passing to a subsequence, we 
can assume that the P(m) converge to P on one of its sides, say from above. By definition of 
V' , every plane P(m) is the closure in of a limit leaf Lm of C. As for m fixed the intersec¬ 
tion P(m) n ]B(e) n A(£) is empty, then the convergence of portions of the surfaces XnMn to 
P(m) n B(e) = Lm H B(e) as n —)• oo is smooth; in particular, for n,m large (but m fixed), 
(XnMn) n B(e/2) contains a component Qi{m, n) which is a compact, almost-horizontal disk of 
height arbitrarily close to X 3 ^m, with dQi(m,n) C dM(e/2). On the other hand, as 0 G A(£) 
then there exists a sequence of points yn G XnMn converging to the origin where the absolute 
Gaussian curvature of XnMn tends to infinity. Let Ll 2 {n) be the component of (XnMn) n B(e/2) 
that contains pn- In particular, Cl 2 {n) H Oi(m, n) = 0 for m fixed and large, and for all n suffi¬ 
ciently large depending on m. Note that as Cl 2 {n) is topologically a disk and Theorem 2.4 ensures 
that Ct 2 {'n) is compact with boundary contained in 9B(e/2). As x^^m 0 but e is fixed, then the 
one-sided curvature estimates for disks in lITTIl (see also Theorem 7 in (33) applied to ni(m, n), 
Ct 2 {n) gives a contradiction if m, n are large enough. This contradiction proves the claim, as the 
uniqueness of the point x' G P' n A(£) nB(e) in the last part of the statement of the claim follows 


directly from Lemma |4.13[ Now the claim is proved. 

The existence part of the first sentence in the 


We next continue the proof of Lemma 4.15 


statement of the lemma can be deduced from similar arguments as those in the proof of the last 
claim; the only difference is that in the argument by contradiction, the plane P cannot be as¬ 
sumed to be {x 3 = 0} but instead one assumes that there exist sequences {Pm}m, {Pm}m C V', 
{Pmjm c M+ with Pm \ 0 and G P^ n A(£) so that |x 3 (Pm) - 3^3(Pm) I < Pm and 
P^ n A(£) n B(xm, e) = 0- The desired contradiction also appears in this case from the one¬ 
sided curvature estimates for embedded minimal disks and we leave the details to the reader. This 
finishes the proof of the first sentence in the statement of the lemma. 

It remains to show that if |/|(P) < oo, then we can choose po > 0 sufficiently small so that 
|/|(P') < oo and |/|(P) = |/|(P0 and /(P) = d(P') for every P' G P' with |x 3 (P) — X 3 (P')| < 
Po- As before, take x G P n A(£). If x G S(C), then Lemma 4.11 and the description in (Dl) 
of ^(P) around x imply that after possibly choosing a smaller po > 0, C nM(x, po) consists of a 
foliation by horizontal flat disks, and S'(£)nB(x, po) consists of aLipschitz curve passing through 
X which is transverse to this local foliation by flat disks. By the main theorem in Meeks ll2T]l . this 
Lipschitz curve is in fact a vertical segment with x in its interior. In particular, every horizontal 
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plane P' that intersects B(x, ^o) also intersects S{C) n B(x, //q) at exactly one point x', and the 
handedness of the two multivalued graphs occurring in nearby x, x' coincide. 

If X G 5, then similar arguments as in the last paragraph give the same conclusion, following 
the local description in (D2) of £ n B(x, //q) together with the uniform locally simply connected 
property of {A„M„}„. This completes the proof of Lemma [4.15| □ 

Lemma 4.17 For a plane P G V, the following properties are equivalent: 

1. C does not restrict to a foliation in any ^-neighborhood of P, p > 0. 

2. A{C)r\P = sr\P. 

3. snP^0. 

Proof That statement 1 implies 2 follows from the observation that if there exists a point p in 
S{C) n P, then there exists a small cylindrical neighborhood of p which is entirely foliated by 
horizontal disks contained in planes of V, which in turn implies that there exists a slab neighbor¬ 
hood of P which is foliated by planes in C, a contradiction. Statement 2 implies 3 by definition of 
V. Finally, the description in (D2-A), (D2-B) give that item 3 implies item 1. □ 


Proposition 4.18 Let x be a point in A(£) and let Px G V' be the horizontal plane that passes 
through X. If\I\{Px) < oo and I{Px) = 0, then C, is a foliation ofMf by horizontal planes. 

Proof Consider the largest closed horizontal slab W containing Px, so that every plane P mW 
lies in V and satisfies \I\{P) = \I\{Px) and I{P) = I{Px) (we allow W fo be jusf Px, to be 
or a closed halfspace of M^). If FF = then the proposition is proved. Arguing by contradiction, 
suppose W has a boundary plane, which we relabel as Px (since it has the same numbers |/| {Px), 


I{Px) as the original Px by Lemma 4.151. Without loss of generality, we will assume Px is the 


upper boundary plane of W. Since M'*—Up/g-p/P' is a nonempty union of open slabs or halfspaces, 
then one of the following possibilities occurs: 

(FI) Px is not a limit of planes in V from above. In this case, Px is the boundary of an open slab 
or halfspace in — Up/gp/P'. 

(F2) Px is the limit of a sequence of planes Pm G V from above, such that for every m, P 2 m U 
P 2 m-i-i is the boundary of an open slab component of — Up/gp/P'. Thus, Lemma 4.15 
implies that for m sufficiently large. Pm satisfies \I\{Pm) = \I\{Px) and I{Pm) = I{Px)- 

In eifher of fhe cases (FI), (F2), we can relabel Px so fhaf Px is fhe boffom boundary plane of an 
open componenf of — Up/gp/P'. By Lemma - 


4.17 


A(£) n Px = S n Px. 


After fhe franslafion by vecfor —x, we can assume x = 0 and Px = {xs = 0}. By fhe local 
descripfion of C in (D2-A), fhere is a nonflaf leaf L of C which has fhe origin in ifs closure. Note 
fhaf Ibis implies fhaf Px is confained in fhe limif sef of L. As by hypofhesis Px H A(£) is finite, 
we can choose a large round open disk D C Px such fhaf Px H A(£) C D. Lef 

A = {(xi,X 2 ) G I (xi,X2,0) D}. 


Choose /i > 0 small enough so fhaf 

{A X [Q,p])r\V' = A X {0}. 


(15) 
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Claim 4.19 The surface = £ n {{xi,X 2 ,xf) | 0 < X 3 < ^} is connected. Furthermore, 
{A X (0, e]) n £ = (A X (0, £]) n L. 

Proof of the claim. The equality ( [T5] ) together with a standard barrier argument (see the proof 
of Lemma 1.3 in l|35l) imply that if the claim fails, then there exists a connected, nonflat, stable 
minimal surface S in {{xi,X2,xfj | 0 < 0:3 < /x}, such that its boundary clS is contained in 
£ n {x3 = jjf, S is proper in {{xi,X2,xf) | 0 < X3 < //}, S is not contained in {X3 = /x} 
and S is complete outside the finite set S n {xs = 0} in the sense that any proper divergent 
arc a in S of finite length must have its divergent end point contained in 5 n {X3 = 0}. Since 
[S n {(xi, X2, X3) I 0 < X3 < fi}] U {Px — 5 ) is a minimal lamination of {(xi, X2, X3) | —1 < 
X3 < outside of a finite set of points and this lamination consists of stable leaves, then 
item 1 of Corollary 7.1 in ||3^ implies that this lamination extends to a minimal lamination of 
{(xi, X2, X3) I — 1 < X3 < /u}, which contradicts the maximum principle for minimal surfaces at 
the origin. This finishes the proof of the claim. 

We next continue the proof of Proposition |4.18[ Clearly, we may also assume 

dL^ n {x3 = /x} / 0 


by taking /x > 0 smaller. As is not flat and the injectivity radius function of the surfaces 
XnMn is bounded from below by 1/2 away from their diverging boundaries, then we can apply 
the intrinsic version of the one-sided curvature estimates for minimal disks in ifTTll to XnMn to 
conclude that the norm of the second fundamental form of the possibly disconnected surfaces 
{A X [0, ^]) n (XnMn) is arbitrarily small if we take ^ sufficiently small. Thus by choosing /x > 0 
small enough, it follows that each component G of (A x [ 0 , /x]) n £ is locally a graph over its 
projection to A x {0}, with boundary dG contained in ((c/A) x [0,/x]) U (A X {/x}). 

Note that so far in the proof of the proposition we have only used that |/| (Px) < 00 . Next we 
will use the second hypothesis I{Px) = 0 to obtain the desired contradiction, which will follow 
from the invariance of flux for V(x 3 |l). 

Since I{Px) = 0 , then Px n A(£) = Px Ci S consists of an even positive number of points 
£i) 71 )£ 2 , 72 , • • • with n(pj) = —n(g'j) for each x = l,...,d. Consider a collection 

{(5i,..., of pairwise disjoint embedded planar arcs in Px such that the end points of 6i are 
Pi, qi. For i G {1,..., d} fixed, construct a sequence {7i(m)}m of connection loops in L^, as 
indicated in the proof of Lemma 4.13 (note that now the 8i are not necessarily straight line seg¬ 
ments), i.e., each ^i{m) consists of two lifts of 8i — [B(pj, ej(m)) U M{qi,ei{m))] to adjacent 
sheets of over 5i joined by short arcs of length at most 3si{m) > 0 near pi and qi, such that 
the 7 i(m) converge as m —)■ 00 with multiplicity 2 to 6i and Si{m) —)■ 0 as m —)• cx). It is 
possible to choose the indexing of these curves 7 i(m) so that for every m G N, the collection 
Tm = { 7 i(™'), 72 (^), • • •, 7 d(^)} separates the connected surface into two components (this 
property holds because the portion of sufficiently close to Px is topologically equivalent to the 
intersection of a periodic parking garage surface with a closed lower halfspace, hence it suffices 
to choose all curves in the collection T^ corresponding to closed curves at the same level in the 
parking garage surface (for instance, in the particular case d = 1, the surface is modeled by 
a suitable portion of a Riemann minimal example, and each of the connection loops 71 (m) is a 
generator of the homology of the approximating Riemann minimal example). 

Recall that c)L^n{x 3 = /x} / 0, and that is separated by T^ into two components; we will 
denote by Lm the component of — Tm whose nonempty boundary contains n {x 3 = p}, 
see Figure]^ We remark that Lm lies above any horizontal plane P' C {xs > 0} which is strictly 
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Figure 6: The collection of connection loops Tm disconnects into two components, one of 
which, denoted by Lm, is proper in Xg ^([0, ^]) (we have sketched Lm in red color). Note that the 
boundary of Lm contains curves lying in {xa = p}, and that dLm n {xs = /u} C n {xa = 

/r} for all m G N. 


below dLm (since otherwise we would contradict that the portion of L below P' is connected by 
Claim 4.19 as L — Lm intersects the open slab bounded by and P')', in particular, equation ([T^ 


ensures that Lm is properly embedded in x^ ([0, /r]); this is in contrast with L — Lm, which is 
nonproper and limits to P^. 

As Lm is a properly immersed minimal surface with boundary (in fact, embedded) in a half¬ 
space, then Theorem 3.1 in Collin, Kusner, Meeks and Rosenberg ifHl implies that Lm is a 
parabolic surface, in the sense that the harmonic measure on its boundary is full. Now consider the 
scalar flux of a smooth tangent vector field X to Lm across a finite collection of compact curves 
or arcs a C dLm, defined as 

F{X,a)= [ {X,ri), 

J a 

where r/ is the exterior unit conormal vector to Lm along a. Pick a compact arc u C dL^ n {xa = 
fj,}. Since a C dLm H {xs = /x} for all m G N, then we conclude that 


F(Vx 3, a) < F(Vx 3, n {xs = //}), 


(16) 


where the right-hand-side of (161 must be understood as the limit of F{Vxs,a) where a runs 


along an increasing exhaustion of dLm H {xa = /x} by compact curves or arcs. Also note that the 
left-hand-side of ( [T^ is a positive number by the maximum principle, which does not depend on 
m. 

For each m G N fixed, let \ k £ N,k > ko{m)} be a smooth increasing compact 

exhaustion of Lm such that each ^ contains all points of distance at most k from some previ¬ 
ously chosen point in Lm and such that a U F^ C dL^ ko{m) (hence a 
k > ko{m)). The boundary of ^ is the disjoint union of the following three pieces: 

^^m,k = d^{m,k) U Fm U d^{m, k), 

where 

d^{m, k) = dL'^ ,^ n {xs = /x}, 
d^{m,k) = dL’:^,.-[df,{m,k)urm]- 


m C dL>^^ ,^ for all 
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Consider the nonnegative harmonic function Um = ^ — X 3 on the surface Lm. Let Um,k be the 
harmonic function on ^ defined by the boundary values Um,k = 0 on 9* (m, k), Um,k = Um on 
- a (m, k). Using that Um,k = 0 along d^{m^ k), Um = Um,k = 0 along A:) and the 

double Green’s formula, we have 

F^Urn^k^'^rri'j^rn) — F^i'^m^k^'^rri'i Urn^k-) 

— F'^m^k') '^m'} F {'^m^'^m^kt ('^5 ^) ) • (1"^) 

Also note that 


F(^Urn^'^rn^k’)^ra) — Fi^illm U m^ki Tm ) +/iF(V Um,ki Cm) 


where in (*) we have used the Divergence Theorem applied to u 


(18) 


we deduce that 


m,k in L^j.. From (171 and (181 


F{Um,k^ ‘^rriT^m) — 

F{{Um - fJ.)Vu m,fc ? r 772 ) /r7^(\/ Urn^k^ ^)) ~h ^)\/ Uf^i^k ; 0*(nr, A^))• (1^) 

Equation ( [T^ leads to a contradiction, as the following properties hold: 

(Gl) The left-hand-side of ([T^ tends to zero as m,k ^ oo. 


oo. 


(G2) The first term in the right-hand-side of ( [T^ tends to zero as m, k 
(G3) The second term in the right-hand-side of (191 is at least F(Vx 3 , cr) > 0 for k large. 
(G4) The third term in the right-hand-side of ([T^ is nonnegative. 


We next prove (G1)-(G4). As Um — = —X 3 < 0 and {'Vum,k, r/) < 0 along d^{m, k) (this 

last inequality follows from the facts that Um,k > 0 in Um,k = 0 along k) and r] 

is exterior to Lm along its boundary), then (G4) holds. Similarly, the fact that {Vum,k,v) ^ 0 
along d^{m, k) implies that F(Vum,k, k)) < F{'Vum,ki As Lm is a parabolic surface, 

then the functions Um,k converge as A: —)• 00 uniformly on compact subsets of Lm to the bounded 
harmonic function Um (hence their gradients converge as well). This implies that F{Vum,k^^) 
converges as fe —)• cx) to F{'Vum,(x) = —F(Vx 3 ,cr), from where (G3) follows. Property (G2) 
also holds because 


(G2.a) limfc^ooKVtt 

m,k )|r„.| = |(V 

Ir^,I ^ 1? 

(G2.b) Length(rm) is bounded independently of m, and 


(G2.c) Um — L = —^3 is arbitrarily small along T^ for m large. 

Finally, (Gl) holds because 

F{Umk^m) ^ F{Um^UmiLm') ^ L bcn T'(Vx3,rm) — 0, 

m^oo 

where in the last equality we have used that the tangent plane to becomes arbitrarily horizontal 
along Tm except along 2d subarcs of T^ whose total length goes to zero as m —)■ oo. Now 
Proposition |4T^ is proved. □ 

As announced above, we next show that if 5 = 0, then item 5 of Theorem 1 1.1 1 holds. In fact, 
we will obtain a more detailed description in the following result. 
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Proposition 4.20 If C is a regular lamination o/M^, then L is a foliation ofMf by parallel planes 
and item 5 ofTheorem \l.l\ holds. Furthermore: 

(A) S (C) contains a line li which passes through the closed ball of radius 1 centered at the origin, 
and another line I 2 at distance one from li, and all of the lines in S{C) have distance at least 
one from each other. 

(B) There exist oriented closed geodesics 7^ C XnMn with lengths converging to 2 , which con¬ 
verge to the line segment 7 that joins (/i U I2) H {xs = 0 } and such that the integrals of 
the unit conormal vector of XnMn along 7^ in the induced exponential "E?-coordinates of 
XnBj^{pn, £n) Converge to a horizontal vector of length 2 orthogonal to 7. 


Proof Since we are assuming 5 = 0 but the uniformly bounded Gaussian curvature hypothesis in 
Proposition |4^ fails to hold, then A(£) = 5(£) 7 ^ 0 and Lemma [4. 17| implies that the Lipschitz 
curves in S{C) go from —cx) to +cx) in height and thus, £ is a foliation of by planes. By the 
( 7 I. 1 -regularity theorem for 5(£) in 1211, 5(£) consists of vertical lines, precisely one passing 
through each point in n 5(£) (here 2 ; is any point in 5(£)). The surfaces XnMn are now seen 
to converge on compact subsets of — 5(£) to the minimal parking garage structure on 
consisting of horizontal planes, with vertical columns over the points y £ Pz C) 5(£) and with 


orientation numbers n{y) = ±1 in the sense of Definition 4.14 


We next show that item (A) of the proposition holds. Note that since the geodesic loops /3n 
given in Assertion 4.5 all pass through pn, then the limit set Lim({/3„}„) of the /3„ contains the 
origin in Since the surfaces A„M„ converge to the foliation of by horizontal planes and 
this convergence is C" (actually C°° tangentially to the leaves of the limit foliation) away from 
5(£), for any a £ (0,1), thenLim({/3„}„) consists of a connected, simplicial complex consisting 
of finitely many horizontal segments joined by vertical segments contained in lines of 5(£); this 
complex could have dimension zero, in which case it reduces to the origin. Clearly there exists a 
point q £ S{C) n Lim({/3„}„), since otherwise Lim({/3„}„) contains a horizontal segment I with 
0 G f, and in this case one of the end points of I lie in 5(£). As q £ 5(£), then the vertical line Iq 
passing through q lies in 5(£). 

We claim that there exists a vertical line I contained in 5(£) at distance one from Iq. As 5(£) 
is a closed set. Lemma |4T^ implies that if our claim fails to hold then there exists 7 > 0 such that 
the vertical cylinder of radius 1 + 27 with axis Iq only intersects 5(£) at Iq. Consider a sequence 
of points qn £ j3n limiting to q and consider the related extrinsic balls Bx^NiQu, 1 + ^)- By the 


triangle inequality, the loop fdn is contained in {XnMn) n Bx^^iQn, ^ + v) the length of is 
two and the intrinsic distance between any two points in /3„ is at most one). By the parking garage 
structure of the limit foliation, for n large each of the surfaces {XnMn)r\Bx„N{<ln, 1 + 7 ) contains 
a unique main component A„ which is topologically a disk (this is the component that contains 
qn). Therefore, fdn C A„, which implies that /?„ is homotopically trivial. This contradiction 
proves our claim. Note that these arguments also imply that q lies in the closed ball of radius 1 
centered at the origin. This claim together with Lemma [4.13| imply that item (A) of the proposition 
holds. Also observe that we have completed the proof of the first statement of Theorem o (the 
XnMn converge to a minimal parking garage structure of with at leat two vertical lines in 

S{C)). 

Since Iq and I are at distance 1 apart, then there exist connection loops 7 ^ on XnMn of lengths 
converging to 2 which converge as n —)■ 00 to a horizontal line segment of length 1 joining Iq 
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Figure 7: The red portion of XkMk cannot enter into the ball of radius /cq, since it does not join to 
the blue portions within the ball of radius m. 


and 1. These connection loops satisfy the properties in item (B) of the proposition (see Il29ll for 
details). 

To complete the proof of Proposition |4.20 it only remains to demonstrate the last sentence 
of item 5 of Theorem 1 1.1 1 assuming that there exists a bound on the genus of the surfaces XnMn. 
This follows from similar arguments as those in the proof of Lemma |3.3[ since the surfaces XnMn 
approximate arbitrarily well the behavior of a periodic parking garage surface in This finishes 
the proof of Proposition |4.20| □ 

By Proposition |4.20[ to finish fhe proof of Theorem [TTT] if remains fo demonstrafe fhaf ifem 6 
holds provided fhaf 5 / 0, a hypofhesis fhaf will be assumed for fhe remainder of Ibis section. 
We will sfarf by sfafing a properly lo be used laler. Recall fhaf given R > 0 and n G N sufficienlly 
large, S(n, i?) denotes fhe closure of fhe componenl of ^)] til Bx^isf {pn,R) fhaf 

conlains pn, and fhaf fhe surface fhaf appears below was defined in equalion ( [T^ as a rescaling 
by 1/Afc = 1/A^^^^ of T,{n{k),k), where n{k) was defined in fhe proof of Lemma 4.4 The 
purpose of fhe nexl resull is lo show fhaf given a radius /cq, all fhe componenls of XkMk in an 
exlrinsic ball of fhaf radius cenfered al fhe origin (for k sufficienlly large depending on ko) can be 
joined wilhin an exlrinsic ball of a larger radius m{ko) independenf of k, see Figure]^ 


Proposition 4.21 Given /sq G N there exists m = m{kQ) G N such that for any A: G N sufficiently 
large, we have 

{XkMk) n Bx^N{Pk, fco) c T.{n{k),m). (20) 

Furthermore, the intrinsic distance in XkMk = T,{n{k), k)from any point in {XkMk)r\Bx,.N{Pk^ ^o) 
to pk is not greater than some number independent on k, for all such k. 


Proof To prove pO] ) we argue by conlradicfion. Suppose fhaf for some k^ G N, Ihere exisl 
sequences {mk}k, C N so fhaf rrik oo, rrik < Ok and for all k, 

[Xa^Mafj ti Bx^^N{Pak,ko) S(n(afc), mk). (21) 

Lei Q,{k) be a componenl of Bx„^^N{Pa^,,mk) — {Xaf.Mafj fhaf conlains T,{n{ak), rok) in ils 
boundary dQ,{k), and so fhaf d^{k) conlains anolher componenl A{k) differenl from T,{n{ak), rrik). 
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with A(A:)nSA„^Ar (Pak ,ko) / 0, which can be done by (pi|. Observe that the boundary of Q{k) 
is a good barrier for solving Plateau problems in Q{k) (Here we are using that since —)• 0, 
then the extrinsic balls i3jv(pfc, have mean convex boundaries). Let S'(A:) be a surface of least 
area in Q{k) homologous to Ti{n{ak),mk), and with dTj'{k) = dTi{n{ak),mk)- As for all k the 
surface S'(A:) intersects ko), then by uniform curvature estimates for stable minimal 

surfaces away from their boundaries we conclude that after passing to a subsequence, the S'(A:) 
converge as A: —oo to a nonempty (regular) minimal lamination C of all whose leaves are 
complete, embedded, stable minimal surfaces, and therefore all leaves of C' are planes. To find 
the desired contradiction, note that the following properties hold. 

(HI) The sequence {Tj'{k)}k is locally simply connected in (by uniform curvature estimates 
for stable minimal surfaces and by the uniform graph lemma, see Golding and Minicozzi |1^ 
or Perez and Ros fl2l ). as well as the sequence {Xa^.Ma^.}k- 

(H2) For k large, the surface is unstable, and thus S'(A:) and Xa^.Ma^. only intersect along 

9S'(A:) C dBx^^N{pa^.,'mk), which diverges to oo as A: —^ oo. 

By Property (H2), we deduce that the planes in £' are either disjoint from £ or they are leaves 
of L. In fact. Lemma |4. 1 2| implies that the first possibility cannot occur. Also note that as S'(A:) 
intersects Bx^^N{Pa^^ko) for all k, then £' contains a plane H that intersects the ball B(A:o). 
Properties (HI), (H2) insure that we can apply Theorem 7 in |[3^ (or the one-sided curvature esti¬ 
mates by Golding and Minicozzi ifTTI i to obtain uniform local curvature estimates for the surfaces 
Xa^Ma^. in a fixed size neighborhood of H. As a consequence, H cannot lie in the collection V' 
defined in Lemma 4.11 and thus. Lemma 4.12 gives a contradiction (hence pO] ) is proved). 

As for the last sentence in the statement of Proposition 4.21 take G (0,oo) such that 


m(A:o) = Tfcg 5(rfcp), wher e 5{r) is the function that appears in the first sentence of Theorem |L1[ 
Applying Proposition |4^ to R = Ri = (recall that equation ([v i holds after replacing 5{r) by 
d{r), see the paragraph just before Lemma 4.4 1 , for k sufficiently large we have Ti{k,m{ko)) C 
Bj^^^){pk, rfcg/2) = Bx^MkiPk, ^’fco/2)^ from where the last statement of the proposition follows. 
□ 


Remark 4.22 Proposition |4.21| still holds if the limit object of the surfaces RMn is either a non- 
simply connected, properly embedded minimal surface (case 4 of Theorem o or a minimal 
parking garage structure (case 5 of the theorem). To see why this generalization holds, note that 
the arguments in the proof of the last proposition still produce a plane H C which is either 
disjoint from the limit set of the sequence or it is contained in this limit set. If case 4 of 

Theorem o occurs for this sequence, then then the halfspace theorem gives a contradiction. If 
the XnMn converge to a minimal parking garage structure £ of M^, then it is clear that no plane in 
the complement of £ can exist. 


Also note that the constant m{ko) in Proposition 4.21 can be chosen so that it does not depend 


on the homogeneously regular manifold or on the surface M to which we apply it. 

We next continue with the proof of item 6 of Theorem |L1[ provided that S ^ 0. Since the 
closures of the set of flat leaves is V and V is a lamination of with no singularities, then there 
exists at least one leaf of £ which is not flat, so the first statement of item 6 holds. By Lemmas [4.1 1 
and 4.12 the sublamination V of flat leaves of £ is nonempty, the closure of every such planar leaf 


Li is a horizontal plane in the family V defined in Lemma 4.11 and hence by definition of V we 
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have that Li intersects A(£) = 5 U S {C). By Lemma |4.13[ the distance between any two points 


in Li n A(£) is at least 1. By Lemma 4.17 Li n A(£) is either contained in S or in S{C). So in 


order to conclude the proof of item 6 of Theorem [L^ it remains to show the following property. 
Proposition 4.23 Given of leaf Li ofV, the plane Li intersects A(£) in at least two points. 

We next prove the proposition by contradiction through a series of lemmas. Suppose that Li £ V 


4.17 


satisfies that Li n A(£) consists of a single point x £ A(£). If x £ S{C), then Lemma 
implies that £ restricts to a foliation of some e-neighborhood of Li. Consider the largest open 
horizontal slab or halfspace W containing Li so that £ restricts to IL as a foliation by planes. As 
5 7 ^ 0, then W By Lemma 4.15[ we can replace Li by a flat leaf in the boundary of W and 


after this replacement, we have |I| (£i) = 1 and Li n A(£) = Li n 5. Without loss of generality, 
we may assume that Li is the top bo undar y plane of W. Arguing as in the discussion of cases (FI) 
and (F2) in the proof of Proposition |4.18[ we can replace £i by a bottom boundary plane P of an 
open component C of — L )pip-p >P' so that the distance from Li to P is less than the number 
ho = ho{Li) given in Lemma - 


4.15 


(note that P may be equal to £i). 


Denote by L the nonflat leaf of £ directly above P. After the translation by —x, we can assume 
that P = {x 3 = 0} and x = 0 £ 5. We next analyze several aspects of the geometry of L in a 
neighborhood of P in C. 

Given a regular value p £ (0, e) for X 3 restricted to L (this number e > 0 appears in descrip¬ 
tion (D1)-(D2) above), let 


■.= Lr\ {(xi, X 2 , X3) I 0 < X3 < p], 


which is a connected surface with boundary for p sufficiently small by Claim 4.19 


Definition 4.24 Take a sequence of points qk £ converging to 0 and numbers £ (0, |gfc|/2]. 
For each A: £ N, consider the function /^ : n IB(qfc, r^) —)• M given by 


fk{x) = s/\Kl\{x) ■ dist^3{x,d[L nM{qk,rk)]) 


( 22 ) 


Let Xk £ ]B(gfc,rfc) be a maximum of fk (note that fk is continuous and vanishes at d[L D 
B(qk,rk)]). The sequence {xk}k is called a blow-up sequence on the scale of curvature if 
fk{xk) —)• 00 as /c —)• cx). 


Lemma 4.25 Suppose that {xk}k C is a blow-up sequence. Then, after passing to a sub¬ 
sequence, the surfaces L{k) = y^\K^{xk){Lt^ — Xk) converge with multiplicity 1 to a vertical 
helicoid C whose axis is the x^-axis and whose Gaussian curvature is —1 along this axis. 


Proof. First observe that since the surfaces have injectivity radius function larger than or 
equal to 1 / 2 , then the ball = B (xfc, 2 dist]g 3 (xfc, dE{qk, Vk))) intersects in disks when k is 
sufficiently large. Also note that the ball (xfc)(Bfc — Xk) is centered at the origin and its 

radius is /fc(xfc)/2, which tends to 00 as /c —)■ 00 because {xkfn is a blow-up sequence. Since 
the second fundamental form of the surfaces L{k) n B {fk{xk)/2) is uniformly bounded, then a 
subsequence of the L{k) (denoted in the same way) converges to a minimal lamination £' of 
with a leaf £' that is a complete embedded minimal surface that passes through the origin with 
absolute Gaussian curvature 1 at that point. Standard arguments then show that the multiplicity 
of the convergence of portions of the L{k) to L' is one. Therefore, a lifting argument of loops 
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on L' implies that L' is simply connected, hence L' is a helicoid with maximal absolute Gaussian 
curvature 1 at 0 and L' is the only leaf of The fact that L' is a vertical helicoid with axis the 
xa-axis (so L' = T-L) will follow from the description of the local geometry of nearby to 
see this, note that the blow-up points Xk and the forming helicoids in on the scale of curvature 
near Xk for k large imply the existence of pairs of highly sheeted almost-flat multivalued graphs 
fc) k ^ extrinsically close to Xk for n sufficiently large (recall that portions of the Mn 
converge to Li^). These multivalued graphs can be chosen to have any fixed small gradient over 
the plane perpendicular to the axis of the helicoid L'. For n, k sufficiently large, these multivalued 
graphs in Mn each contains a two-valued subgraph that extends to an almost-flat two-valued graph 
on a fixed scale (proportional to the number e > 0 that appears in description (D1)-(D2) above) 
and collapse to a punctured disk. Since the punctured (xi, X 2 )-plane P — {0} is a leaf of the limit 
minimal lamination C, it then follows that the helicoid L' must be vertical. This completes the 
proof of the lemma. □ 


The next lemma implies that the same type of limit that appears in Lemma 4.25 at a blow-up 
sequence on the scale of curvature in L^, also appears when using a different notion of blow-up. 
Namely, when we rescale around points with heights converging to zero where is vertical. 


Lemma 4.26 Consider a sequence of points yk G with xs{yk) converging to zero where the 
tangent planes Ty^L to are vertical. Then, yk converge to 0, the numbers Sk ■= y/\K^{yk) 
diverge to infinity and a subsequence of the surfaces L'{k) = Sk{L^ — yk) converges on compact 
subsets o/M^ to a vertical helicoid TL containing the x^-axis and with maximal absolute Gaussian 
curvature 1 at the origin. Furthermore, the multiplicity of the convergence of the surfaces L'fk) 
to TL is one. 


Proof. We first show that the points yk tend to the origin as /c —)■ 00 . Arguing by contradiction, 
suppose after choosing a subsequence that for k large yk lies outside a ball B centered at 0. Note 
that for k large, the injectivity radius function of L is bounded away from zero at the yk. As these 
points are arbitrarily close to P, then the Gaussian curvature of L at the yk blows up (otherwise L 
could be written locally as graphs over vertical disks in Ty^ L of uniform size by the uniform graph 
lemma, which would contradict that L lies above {xa = 0}) and one obtains a contradiction to the 
one-sided curvature estimates of Colding-Minicozzi (Corollary 0.4 in HI]). Therefore, yk — )■ 0. 
Another consequence of the one-sided curvature estimates is that 

(J) There exists 5 > 0 such that if ^ G (0, 5), then the tangent plane to at every point in 
n {(xi, X 2 , X 3 ) I xf -|- X 2 > 5 ^ 2 : 3 } makes an angle less than 7r/4 with the horizontal. 

For fc G N fixed, let > 0 be the largest radius such that all points in r\M{yk,tk) have tangent 
plane making an angle less than 7 r /4 with Tyj^P, existence of tk follows from the fact that is 
proper in the slab {0 < X 3 < /x}. Note that the following properties hold. 

(Kl) Lt* n B(yfc, tk) C {(xi, X 2 , X 3 ) | xf -|- x^ < <^^ 3 ^ 3 } (this follows from (J)), 

(K2) tk < xs{yk) (otherwise, M{yk, tk) C P contains a disk D C P — {0} which is the limit of a 
sequence of graphs inside n 8 ( 7 /^, f^) over D; this is clearly impossible by (Kl)). 

By Property (K2), we have —)• 0 as A: —)■ 00 . Consider the sequence of translated and scaled 

surfaces 

L{k) = ^{L^^-yk). (23) 
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We claim that to prove the lemma it suffices to demonstrate that 

(N) Every subsequence of the L{k) has a subsequence that converges with multiplicity one to a 
vertical helicoid containing the x^-axis. 

We will prove the lemma, assuming that Property (N) holds. Let {L{ki)}i be a subsequence of the 
L{k) that converges with multiplicity one to a vertical helicoid EL' containing the xa-axis. Then, 
\/\Kh'\{^) e (0,oo) and 

.lim \l\KL(ki)\{^) = .lim 

2^00 V ^ l—^OO A 

Since limj^oo tki = 0, this implies that the numbers Sk^ '■= \/\K^\{yki) diverge to infinity, and 
the sequence of surfaces 

L'{h) = Ski{L^^ - f/fcj = Ski^-^L{ki). 

converges with multiplicity one to EL = ^J\K^\{Q)EL' , and the proposition follows. Thus, it 
suffices fo prove Properfy (N); fhere are fwo cases fo consider affer choosing a subsequence. 

Case (N.l). The sequence {L{k)}k has uniform local bounds of fhe Gaussian curvafure in 

In this case, standard arguments show that, after choosing a subsequence, the L{k) converge 
to a minimal lamination Coo of Observe that if Li is a nonfiat leaf of Coo, then the multiplicity 
of convergence of portions of the L{k) to Li is one; in particular, Li is simply connected (since 
the injectivity radius function of the L{k) becomes arbitrarily large at points in any fixed compacf 
sef of as /c —oo). On fhe other hand, if the multiplicity of convergence of portions of the L{k) 
to a leaf L 2 of Coo is greater than one, then L 2 is stable hence a plane. By the classification of 
simply connected, complete embedded minimal surfaces in (Meeks and Rosenberg and 
Golding and Minicozzi ifT^ l. we conclude that every leaf of Coo is either a plane or a helicoid. 
Clearly, if Coo contains a leaf which is a helicoid, then this is the only leaf of £00 and Property (N) 
is proved in this case. Since the leaf of C passing through 0 has a vertical tangent plane at 0 but at 
some point in the sphere OB(2) there exists a point on a leaf of Coo whose tangent plane makes an 
angle at least 7r/4 (by definition of tk), then Coo contains a leaf which is not a plane. This finishes 
Case (N.l). 

Case (N.2). There exisfs Xoo £ andpoinfs Xk G L{k) converging fo Xoo such fhaf \Ki(^k) I {^k) > 
k for all k £ N. 

We will show fhaf fhis case cannof occur, by dividing if info fwo subcases affer replacing by a 
subsequence. 

(N2.1) Suppose fhaf 00 . 

(N2.2) Suppose fhaf converges fo a number D which is greafer fhan or equal fo 1 (by 

Properfy (K2) above). 

In case (N2.I) holds, we consider fhe sequence of compacf embedded minimal surfaces {L{k) n 
^iRk)}k, where . For k large, every componenf of Lik) n MiRC is a disk with 

boundary contained in dM{Rk). As the supremum of the norm of the second fundamental form 
of L{k) n B(2|xoo|) tends to 00 as A: —)• 00 (by assumption in this case (N.2)), then Theorem 0.1 
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in Colding and Minicozzi ifTTI and Meeks’ regularity theorem 1211 assure that after choosing a 
subsequence, the L{k) converge as A; —)• oo to a limit parking garage structure with one column. 
Observe that by equation (231, points of L{k) n B(l) correspond to points of n y)> 
thus, the tangent plane to Xpc) at every point in L{k) n IB(1) makes an angle less than 7r/4 with 
Ty^L. This property implies that the inner product of the Gauss map of L{k) with the unit normal 
vector to '^Vk L is positive (up to sign) in L{k) n IB(1), hence L{k) n B(l) is stable. Schoen’s 
curvature estimates p[5l now give that the norm of the second fundamental form of L{k) nB(l) is 
uniformly bounded. Since the tangent plane If to L( A;) at the origin is vertical, then we conclude 
that the planes in the limit parking garage structure are parallel to If. As for the line I given by the 
singular set of convergence of the L{k) n B(i?fc) to the limit parking garage structure, note that by 
definition of tk, for large k the tangent plane to L(A:) at some point qk in the sphere OB (2) makes 
an angle at least vr/d with If; this implies that I is the straight line orthogonal to If that passes 
through the limit of the (after passing to a subsequence). By similar arguments as those at the 
end of the proof of Lemma 4.25 we can find pairs of highly sheeted almost-flat almost-vertical 
multivalued graphs C Mn over portions of If, and these multivalued graphs in Mn 

contain two-valued subgraphs that extend to two-valued almost-vertical multivalued graphs on a 
fixed scale. By the arguments at the end of the proof of Lemma [4.25[ these extended two-valued 
almost-vertical multivalued graphs must be almost-horizontal, which gives a contradiction. This 
finishes the case (N2.1). 

Finally, suppose case (N2.2) occurs. By the application of a diagonal-type argument to the 
doubly indexed sequence of surfaces {M„ — yk}n,k€.n where n is chosen to go to infinity suffi¬ 
ciently quickly in terms of k that also goes to infinity, we can produce a sequence 


^n(fc) I , {^n{k) Vk) r 

IJ ken 

such that the following properties hold. 

(01) The injectivity radius function of — yj.) can be made arbitrarily large for k large at 

every point a any fixed ball in (this follows from Property (Inj) just before the statement 
of Proposition |4^ after rescaling by 2/tk)- 

(02) There exists a (possibly empty) closed set 5oo C and a minimal lamination Coo of 
— ^oo such that the surfaces — Vk) — •Soo converge to Coo outside of some 

singular set of convergence S{Coo) C Coo, and if we call A(£oo) = Soo U S{Coo), then 
^(A3 oo) 7 ^ 0 (this property holds by similar arguments as those that prove the first part of 
item |l.l| of Theorem |l.l[ which are still valid since we have property (01)). 

(03) Through every point in A(£oo) there passes a plane which contains a planar leaf of Coo and 
which intersects A (Goo) in exactly one point (two or more points would produce connection 
loops in the surfaces ^{Mn(k) ~ Vk) for k large, in contradiction with property (01) above). 

(04) By our hypotheses in Case (N2.2), we deduce that one of the leaves of Coo is contained in 
the plane { 0:3 = —2D]. In particular, the planes mentioned in property (03) are horizontal. 

(05) Coo contains a sublamination Coo which is a limit as A: —)■ 00 of the surfaces L{k). 


By property (01), it follows from our previous arguments in this paper that every nonflat leaf 
Z of Coo is simply connected. Furthermore, the injectivity radius function of such a Z at any point 
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z G Z is equal to the intrinsic distance from z to boundary of the metric completion Z of Z, where 
the points of this metric completion correspond to certain (singular) points in S^o- Observe that 
such a Z cannot be complete (otherwise, by the discussion in Case (N.l), Z would be a helicoid 
which is impossible by (03) or (04)). 

We next show that there exists a nonflat Z\ of £oo that passes through the origin. Since the 
norms of the second fundamental forms of the surfaces ^{Mn(k) ~ 2 /fc) are uniformly bounded in 
the ball of radius 1 centered at the origin, there is a leaf Zi of C^o passing through 0 with vertical 
tangent plane T^Zi. Since the flat leaves of C are horizontal, then Zi cannot be flat. By the last 
paragraph, Z\ is not complete, hence there exists pQ G Soo in the metric completion of Zi. By 
Property (03), the punctured horizontal plane IIo = {xs = X 3 (po)} ~ {Po} is a leaf of Coo- By 
the same arguments and the connectedness of Zi, there is at most one other point pi in the metric 
completion of Zi, and in this case the plane IIi = {xs = X 3 (pi)} — {pi} is a leaf of Coo (if no 
such Pi exists, then Zi is properly embedded in the upper open halfspace determined by the plane 
IIo). Without loss of generality, we can assume that if IIi exists, then X 3 (pi) > X 3 (po)- 

Given <5 > 0, consider the conical region 

= {{xi,X 2 ,X:i) I (xi - Xi(po))^ + (3^2 - X 2 {po)f < (5^(x3 - X3(po))^} 

with vertex po- Suppose that no pi exists. In this case, the injectivity radius function Inj^j(x) at 
any point x G Zi is equal to the intrinsic distance function in Zi from x to po, which in turn is at 
least |x — Pol- Therefore, InJ^^ grows at least linearly with the extrinsic distance in Zi to po- If 
Pi exists, the same property can be proven for J > 0 sufficiently small with minor modifications, 
since for such 6, there exists a = a{6) > 0 such that (7+(<5) also contains pi (if pi exists) and 


min{|x -pol, |x -pi|} > a |x -po|, 


(24) 


for all X G xj ([x 3 (po), X 3 (pi)]) — C''''((5). This scale invariant lower bound on Inj^j together 
with the intrinsic version of the one-sided curvature estimate by Colding-Minicozzi (Corollary 0.8 
in 1121 ) imply that for <5 > 0 sufficiently small, the intersection of Zi with Xg ^([x 3 (po), X 3 (pi)]) — 
C'''“((f) consists of two multivalued graphs whose gradient can be made arbitrarily small (in terms 
of 6). The same scale invariant lower bound on InJ^^ is sufficient to apply the arguments in page 45 
of Colding-Minicozzi l(T3]l ; especially see the implication that property (D) there implies property 
(Dl). In our current setting, property (D) is the scale invariant lower bound on Inj^^, and property 
(Dl) asserts that Zi — C''''(<5i) consists of a pair of cx)-valued graphs for some > 0 small, which 
can be connected by curves of uniformly bounded length arbitrarily close to po- The existence of 
such oo-valued graphs over the punctured plane contradicts Corollary 1.2 in (71 . This contradiction 
rules out Case (N2.2), which finishes the proof of Lemma 4.26 □ 


The following corollary is an immediate consequence of Lemma 4.26| 


Corollary 4.27 Given ei,R > 0, there exists an 62 G (0, ei) such that the following holds. Let 


7 = {y G n IB(e 2 ) | TyL is vertical }. 


Then for any y G 7 , there exists a vertical helicoid TLy with maximal absolute Gaussian curva¬ 
ture 1 at the origitMsuch that the connected component of ~ y] C 'E{R) containing 

the origin is a normal graph u over its projection If C Ry, and 

M[R — 2ei) n TLy C c B(i2 -|- 2ei) n TLy-, ll'^||c'2{o) ^ 

^Observe that for yi,y2 G 7, the helicoids Ry^ coincide up to a rotation around the xs-axis. 
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Three immediate consequences of Corollary 4.27|when £2 is chosen sufficiently small are: 


(PI) The set 7 in Corollary 4.27 can be parameterized as a connected analytic curve 7 (f) where 
t G (0, to] is its positive xs-coordinate, and limi_^o 7^(f) = (Oj Oj !)■ 


(P2) GivenfE {0, to], let f{t) G M be the angle that the vertical plane makes with the posi¬ 
tive xi-axis, that is, (— sin f{t), cos /(f), 0 ) is the unit normal vector to up to a choice 

of orientation. Note that T^(t)L rotates infinitely often as f \ O"'', and consequently, the an¬ 
gle function /(f) can be considered to be a smooth function of the height that tends to -|-oo 
as f \ 0+ if the forming helicoid T-L^it) is left-handed, or to —00 if is right-handed. In 
the sequel we will suppose that this last possibility occurs (after a possible reflection of 
in the (xi, X 3 )-plane). Also observe that /(f) is determined up to an additive multiple of 27r, 
and so, we do not loose generality by assuming that /(f) < 0 for each f G (0, fo]- Since for 
the right-handed vertical helicoid 7f the corresponding angle function /-^ is negative linear, 
then we conclude that after choosing fo > 0 small enough, /' > 0 is bounded away from 
zero and f'/f is bounded from above in ( 0 , fo]. 


(P3) For any f G (0, fo], H T^(t)L contains a small smooth arc passing through 7 (f) that 

is a graph over its projection to the horizontal line x/^ (f) H Since for f > 0 small the 

point 7 (f) is a point of almost-maximal curvature in a certain ball centered at 7 (f), then the 
forming double multivalued graph around a-y(t) in extends sideways almost horizontally 
in by the extension results in Golding and Minicozzi (Theorem II.0.21 in [i8l|, note 

also that — 7 consists of stable pieces), until exiting the solid vertical cone given by 

whose vertex is the singular point x = 0 G 5. This 


4.11 


description (D2) before Lemma 
allows us to extend Q;.yp) in the vertical plane T^[t)L until it exits Cg. Once exits Cg, 
then the almost-horizontal nature of outside for /r > 0 small that comes from curvature 

estimates, insures that can be extended in n T^{t)L as an almost-horizontal arc, until 

it possibly intersects the plane {X 3 = ^}. The number of intersection points of this extended 
arc with {X 3 = /u} is zero, one or two. If a^{t) never intersects {xs = /r} (respectively, 
if intersects {X 3 = /r} exactly once), then defines a proper open (respecfively 
half-open) arc in {0 < X 3 < /r} n Ofherwise, is a compacf arc wifh ifs fwo 

end poinfs af heighf /r. 


We nexf show fhaf for fo > 0 sufficienlly small and for all f G (0, fo], the number of inter¬ 
section points of with {X 3 = is two. Arguing by contradiction, suppose that for some 
fi G (0, fo] small, is not a compact arc. Then, there exists t 2 G (0, fi) such that for all 

f G (0,f2], a^(t) is an open proper arc in {0 < X3 < ^} n which is a graph over the 

horizontal line X 3 ^(f)n It follows that the surface 


i6(0,i2] 


(25) 


is a proper subdomain of L^, S(f 2 ) is topologically a disk with connected boundary and when 
intersected with the domain x/^([0, //]) H {xf -|- x^ > 1}, is an 00 -valued graph. This minimal 
surface S(f 2 ) cannot exist by the flux argumenfs in f7l (specifically see Corollary 1.2 and the 
paragraph just after this corollary. Thus, we may assume that a{t) is a compact arc for all f G 
(0, f2] and f2 > 0 sufficiently small. Observe that Q:(f) is transversal to {x 3 = /r} at the two end 
points of Q:(f) (because /r was a regular value of X 3 in L), for all f G (0, f 2 ]. 
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By the above discussion, for t2 > 0 sufficiently small, S(f2) is a union of the compact arcs 
t G (0,^2]- Let ri(f),r2(f) be the end points of t G (0,f2]- Hence for i = 1 , 2 , 
t G ( 0 , 12] I—)• ri(f) is an embedded proper arc in L n {x^ = /r} that spins infinitely often, and 
Fi, r2 are imbricated (they rotate together). The boundary of S(f2) is connected and consists of 
a^[t2) U Fi U F2. Consider the piecewise smooth surface S(t2) obtained by adding to each a^[t) 
the two disjoint halflines 1, 2 in n T^{t)L thaf sfarf af Fi(f), F2(f), respecfively, for all 

t G (0,f2]- Observe thaf S(f2) is a subdomain of S(f2), thaf S(f2) fails fo be smooth precisely 
Fi U F2, and that S(f2) fails to be embedded since for certain values t < t' £ ( 0 , t2], the added 
halflines safisfy lt,i C and similarly for fhe halflines 2, h',2- Bofh problems for 

S(t2) can be easily overcome (acfually embeddedness is nol sfricfly necessary in whaf follows) by 
slighfly changing fhe consfrucfion, as we now explain. For each t G ( 0 , ^2]^ enlarge slighfly a^(^t) 
fo a compacf arc a^(t) C Ln so fhaf if we call ri(f), r2(f) G L n Xg fj, + 1 ]) fo the 

end points of then the following properties hold. 

(Ql) For z = 1 , 2 , the correspondence Fi(f) 1—)■ Fj(f) defines a smoofh map thaf goes fo zero 
as f \ 0 . In ofher words, fhe curve t G ( 0 , t2] ^i{t) is asympfofic fo fhe planar curve 

t G ( 0 , t2] !-)• Fi(f) as f \ 0 . 

(Q2) X3 o Fi(f) = X3 o F2(f) is sfricfly increasing as a function of f G ( 0 , f2]- 

Now add fo each fhe fwo disjoinf halflines in Xg ^(x3(ri(t))) n T^{t)L fhaf sfarf 

af Fi(f),F2(f), respecfively, for all t G (0,^2]- By properly (Q 2 ) above, the piecewise smooth 
surface 

^{^2) = 1^ LI k,l U It ,2 

4 e( 0 ,i 2 ] 

is embedded and fails to be smooth precisely along Fi UF2. Now smooth S (t2) by rounding off the 
corners along Fi UF2 in a neighborhood of these curves that is disjoint from S(f2), and relabel the 
resulting smooth embedded surface as S(f2)- Furthermore, the above smoothing process can be 
done so that the tangent spaces to S^2) form an angle less than vr/d with the horizontal. Observe 
that S(t2) is a proper subdomain of T,{t2), see Figurej^ We denote by C S(i2) n T^(t)L the 
smooth proper arc that extends Thus, S(f2) is foliated by these arcs a^{t), t G ( 0 , 12]. 

Now consider the ruled surface 


R{t 2 )= U 

te{o,t2] 


X3\t)nT^^t)L) . 


( 26 ) 


The vertical projection H: S(f2) —> R{t2) defined by Ft(x, y, z) = (x, y, t) if (x, y, z) G is 
a quasiconformal diffeomorphism; near 7, Ihis properly follows from fhe fad fhaf bofh S(f2)) R{t2) 
can be rescaled around 7(f) fo produce fhe same vertical helicoid, and away from 7 because fhe 
langenf planes fo bofh S(f2), R{t2) form a small angle wilh fhe horizonlal for t2 sufficienlly small. 

The nexl lemma will show thaf fhe surface R{t2) is quasiconformally diffeomorphic fo a closed 


halfplane in C. Observe fhaf fhe hypolheses of Lemma 4.28 hold for i?(^2)^ see items (PI), (P 2 ) 
above. 


Lemma 4.28 Let F: ( 0 , 1 ] -£■ be a smooth curve and f : ( 0 , 1 ] —?■ (—00, 0 ) be a function. 
Consider the ruled surface R parameterized by X: x ( 0 , 1 ] —)■ 

X{p,z) = {T{z),0) + {ycosf{z),psmf{z),z), (y, z) G M x ( 0 , 1 ]. ( 27 ) 
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Figure 8 : Top: The arc Oi^[t) C n T^{t)L starts forming in the double multivalued graph around 
the point 7 (f), extends sideways until exiting the solid cone and eventually intersects {xa = n}. 
Bottom: Schematic representation of a compact portion of the surface S(f 2 ) C L^, foliated by 
arcs in a compact range t G [^ 2 , ^ 2 ], 0 < < h- 
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^|r'| is bounded, lim 2 _^o+ — —oo, f is bounded away from zero and f" / f is bounded from 
above, then R is quasiconformally diffeomorphic to the closed lower half of a vertical helicoid. 


Proof Consider the diffeomorphism V’: X3^((0,l]) —)• Xg ^((0,1]) given by 

f{p,z) = {p-T{z),z), {p,z) e X (0,1], 

As |r'| is bounded, then f is quasieonformal; this means that there exists e G (0,1) sueh that 
given two unitary orthogonal veetors a, 6 G we have 

< IV’* (a)I < 1 if 4a), f 4b)) r, , _ 1 

-\Mb)\-e’ \Ma)\\Mb)\ ^ 

where ip^ denotes the differential of f at any point of xj^((0,1]). Therefore, after eomposing 
with Ip, we may assume in the sequel that r( 2 :) =0 for all z G(0,1]. 

Let R = {{x,y, z) G | y = xtanz} be the standard vertieal helieoid. Consider a map 
f: R ^ PL of the form 


(j){X{p,z)) = {flcos f{z), p sin f{z),f{z)), {p,z) eRx (0,1], 


where y = y (y, z) is to be defined later. We will find a ehoiee of p for whieh fisa quasieonformal 
diffeomorphism from R onto its image (whieh is the lower half of PL obtained after interseetion 
of PL with Xg ^((—oo, /(I)]). Observe that a global ehoiee of an orthonormal basis for the tangent 
bundle to R is {X^, By definition, f is quasieonformal if the following two properties 

hold. 


(Rl) 


\^4\x,^\^4)\ 


is bounded and bounded away from zero (uniformly on M). 


{f4x4,<p4j^^x4)^ 


e] uniformly on M, for some e G (0,1). 


A direct computation gives 


= h4^osf,sinf,0), 

4>4Xz) = /l^(cos/,sin/,0)+y/'(-sin/,cos/,0) + (0,0,/'(z)), 


where Hence 


Thus, 


\MX4\^ 
\MXz)\^ 
{MX4, MX z)) 




\Mj^\Xz)\^ M)M[i + M{fT 
\MXM [i + MmhM 


{4>*{x4-i4>*{^Xz\Xz)) {hz)"^ 

IMxMlMj^iXM ^ {hz)M[i + M{f)^' 


(28) 

( 29 ) 


38 



To simplify the last two expressions, we will take /2(^, z) = p.f'{z) (note that this choice of /2 
makes cp a diffeomorphism onto its image, as f does not vanish). The right-hand-side of (28 1 
transforms into 


E{ii,z) :=1 + 




r 

f 


(30) 


which is greater than or equal to 1 and bounded from above under our hypotheses on f and f'/f, 
thereby giving (Rl). As for the right-hand-side of (291, a direct computation shows that it equals 

- 1 


(/')2[l + /r2(//)2]+^2(J.)2 


= 1 - 


E{fi,z)' 


(31) 


As E{fj,, z) is bounded from above, we conclude that the last expression is bounded away from 1 
(below 1), and (R2) is also proved. Therefore, (/> is a quasiconformal diffeomorphism from R onto 
the lower half of a vertical helicoid, with the choice z) = iif'{z). □ 


Lemma 4.29 Let T, be a simply connected surface which is quasiconformally diffeomorphic to a 
closed halfplane in C. Then, S is conformally diffeomorphic to a closed halfplane. 


Proof Suppose the lemma fails. Since S is simply connected, then S can be conformally identi¬ 
fied with closed unit disk D = { 2 ;GC|| 2 ;|< 1 } minus a closed interval / C 90 that does not 
reduce to a point. Let S* = (C U {oo}) — / be the simply connected Riemann surface obtained af¬ 
ter gluing S with a copy of itself along 9S (by the identity function on 9S). Thus by the Riemann 
mapping theorem, S* is conformally diffeomorphic to the open unit disk O. On the other hand, 
the quasiconformal version of the Schwarz reflection principle (see e.g.. Theorem 3.6 in ijlQl f im¬ 
plies that S* is quasiconformally diffeomorphic to the surface obtained after doubling a closed 
halfplane along its boundary, which is C. In particular, we deduce that C is quasiconformally 
diffeomorphic to D, which is a contradiction (see e.g.. Corollary 1 in |491 ). □ 


Proof of Proposition 4.23 As the minimal surface S(f 2 ) defined in (251 can be considered 


to be a proper subdomain of the surface S(f 2 ) defined immediately before ( 261 , and S(f 2 ) is 
conformally diffeomorphic to a closed halfplane (by Lemmas 4.28 and 4.29 1 , then S(f 2 ) is a 
parabolic surface. The restriction of the xs-coordinate function to S(t 2 ) is a bounded harmonic 
function with boundary values greater than or equal to m = min{x 3 (q) | q G CK 7 (i 2 )} > 0 - 
particular, the parabolicity of S(f 2 ) insures that 


m = min X 3 < X 3 < max X 3 , 

(9s(t2) as(t2) 


which contradicts that S(t 2 ) contains points at height arbitrarily close to zero. Now Proposi¬ 
tion 


4.23 is proved. 


Note that Proposition |4. 23 1 finishes the proof of item 6 of Theorem |1.1| (see the paragraph just 
after the statement of Proposition |4.23] ). Therefore, the proof of Theorem 1 1.1 1 is complete. 

We next prove some additional information about case 6 of Theorem |1.1| 

Proposition 4.30 Suppose that S 0 (hence item 6 of Theorem \1.1\ holds). Then: 


(A) A(C) = 5 U S{C) is a closed set o/M'^ which is contained in the union of planes UlsP 
Furthermore, every plane in intersects C. 
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(B) There exists Rq > t) such that the sequence of surfaces n BM{Pn, ^)| does not have 

bounded genus. 

(C) There exist oriented closed geodesics'^n C XnMn with uniformly bounded lengths which con¬ 
verge to a line segment 7 in the closure of some flat leaf in V, which joins two points ofA(C), 
and such that the integrals of XnMn along 7 ^ in the induced exponential -coordinates of 
XnB]s[{pn, £n) Converge to a horizontal vector orthogonal to 7 with length 2 Length( 7 ). 


Proof A(£) is closed in since S is closed in and S{C) is closed in — S. Le mma|4.1 1 
implies that A(£) is contained in UlsP Every plane in intersects L by Lemma 4.121 and 
so item (A) of the proposition holds. 

We next prove item (B). Consider a plane P £V' such that P n 5 7 ^ 0. By Proposition |4.23[ 
P intersects A(£) in at least two points. If this intersection consists of exactly two points with 
opposite orientation numbers, then Proposition 4.18 implies that £ is a foliation of which 
contradicts that 5 7 ^ 0. Therefore, there exist two points xi, X 2 in Pn5 with the same orientation 
number. In this setting, we can adapt the arguments in the proof of Lemma 3.3 to conclude that 
B\^N{xi,2dn) n (XnMn) has unbounded genus for n large enough, where dn is the extrinsic 
distance in XnN from xi to X 2 (note that dn converges as n 00 to \xi — X 2 I). Finally, take 
/cq G N so that Bx^]\f{xi,2dn) n (XnMn) is contained in Bx^N{Pn,ko), for all n G N. By 
Proposition 4.21 each point in Bx„n{x\, 2dn) H (A„M„) is at an intrinsic distance not greater 
than some fixed number Pq (depending on kf) from pn, for all n sufficiently large. After coming 
back to the original scale, this implies that the surfaces Mn n BM{Pn, do not have bounded 
genus. This finishes fhe proof of ifem (B) of fhe proposition. 

Finally, ifem (C) follows from applying fo fhe plane P fhaf appears in fhe previous paragraph 
fhe argumenfs in fhe proof of Lemma[4.13| This concludes fhe proof of fhe proposifion. □ 


Remark 4.31 The fechniques used fo prove Theorem 1 1.1 [ have ofher consequences. For example, 
suppose {Mn}n is a sequence of compacf embedded minimal surfaces in wifh () G Mn whose 
boundaries lie in fhe boundaries of balls M{Rn), where P„ —)> 00 . Suppose fhaf fhere exisfs some 
e > 0 such fhaf for any ball B in of radius e, for n sufficienlly large, M„ n B consisfs of 
disks, and such fhaf for some fixed compacf sef C, fhere exisfs a d > 0 such fhaf for n large, 
fhe injecfivify radius function of M„ is af mosf d af some poinf of n C. Then fhe proof of 
Theorem 1 1.1 1 shows fhaf, affer replacing by a subsequence, fhe Mn converge on compacf subsefs 
of fo one of fhe following cases: 

(4.29.a) A properly embedded, nonsimply connecfed minimal surface Moo in In Ibis case, fhe 
convergence of fhe surfaces Mn to Moo is smooth of multiplicity one on compact sets of 

m3. 

(4.29.b) A minimal parking garage structure of M^ with at least two columns. 

(4.29.C) A singular minimal lamination £ of M^ with properties similar to the minimal lamination 
described in item 6 of Theorem |L1| and in Proposition |4.30| 

Remark 4.32 In II27 II. we will apply Theorem o under slightly weaker hypotheses for the em¬ 
bedded minimal surface M appearing in it, namely M is not assumed to be complete, but instead 
we will suppose that M satisfies fhe following condifion. 
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Suppose M is an embedded minimal surface, not necessarily complete and possibly with 
boundary, in a homogeneously regular three-manifold N. Observe that the injectivity radius 
Im{p) £ (0, oo] at any interior point p ^ M still makes sense, although the exponential map 
expp is no longer defined in the whole TpM. We endow M with the structure of a metric space 
with respect to the intrinsic distance (Im, and let M be the metric completion of (M, (Im)- In the 
sequel we will identify M with its isometrically embedded image in M. Given an interior point 
p G M, we define dM{p,dM) > 0 fo be fhe disfance in M from p fo dM = M — Inf(M). 
Consider fhe confinuous funcfion /: Inf(M) —)> (0, oo) given by 


f{p) 


minjl, dM{p, dM)} 
Im{p) 


Suppose fhaf / is unbounded. Then, fhe conclusions in Theorem |1.1 [ hold, i.e., exisf poinfs pn G 
Inl(M) and posifive numbers = nlM{Pn) —^ 0 such fhaf items 1,..., 6 of Theorem [ lT] hold. 

To prove this version of Theorem o in the case that either M is incomplete or dM / 0, 
then one must replace the points Qn € M with lM{Qn) < - that appeared in the first paragraph of 
Sectionj^by points qn G Int(M) such that f{qn) > n, and then change the function hn defined in 
([T]l by fhe expression 




dujx, dBMjqn, \dM{qn, dM)) 
Im{x) 


X G BM{qn, \dM{qn, dM)). 


From fhis poinf on, fhe above proof of Theorem 1 1.1 1 works wifhouf changes. 


5 Applications. 

Definition 5.1 Given a complefe embedded minimal surface M wifh injecfivify radius zero in a 
homogeneously regular Ihree-manifold, a local picture of M on the scale of topology is one of fhe 
blow-up limifs fhaf can occur when we apply Theorem |l.l| fo M, namely a nonsimply connecfed 
properly embedded minimal surface M^o C as in item 4 of fhaf fheorem, a minimal parking 
garage sfrucfure in wifh af leasf fwo columns as in ifem 5 or a minimal laminafion £ of — 5 
as in ifem 6, obfained as a limif of M under blow-up around poinfs of almosf-minimal injecfivify 
radius. 

Similarly, given a complefe embedded minimal surface M wifh unbounded second fundamen- 
fal form in a homogeneously regular Ihree-manifold, a local picture of M on the scale of curvature 
is a nonflaf properly embedded minimal surface M^o C of bounded Gaussian curvafure, ob- 
fained as a limif of M under blow-up around poinfs of almosf-maximal second fundamenfal form, 
in fhe sense of Theorem 1.1 in |[33|| . 

An immediafe consequence of Theorem o in fhe Infroducfion and of fhe uniqueness of fhe 
helicoid |[^ is fhe following sfafemenf. 

Corollary 5.2 Let M be a complete embedded minimal surface with injectivity radius zero in a 
homogeneously regular three-manifold. If a properly embedded minimal surface M^o C is a 
local picture of M on the scale of topology (i.e., M^o arises as a blow-up limit of M as in item 4 
of Theorem \l. l]f and M^o does not have bounded Gaussian curvature, then every local picture of 
Moo on the scale of curvature is a helicoid. 
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5.1 The set of local pictures on the scale of topology. 

Given 0 < o < 6, consider the set Ba^h of all complete embedded minimal surfaces M C 
with \Km\ < b and \Km\{p) > a at some point p G B(l). Since complete embedded nonflat 
minimal surfaces in of bounded absolute Gaussian curvature are proper lITTl and properly em¬ 
bedded nonflat minimal surfaces in are connected ifT^ . then the surfaces in Ba,b are connected 
and properly embedded. The topology of uniform -convergence on compact subsets of is 
metrizable on the set Ba,b (see Section 5 of ll^ for a proof of this fact in a slightly different 
context, for o = 6 = 1). Sequential compactness (hence compactness) of Ba^b follows immedi¬ 
ately from uniform local curvature and area estimates (area estimates come from the existence of 
a tubular neighborhood of fixed radius, see |[37l l. By the regular neighborhood theorem in IT/l 
or ||46ll . the surfaces in Ba^b all have cubical area growth, i.e., 

R-^ Area{M r\M{R)) < C 

for all surfaces M G Ba^b and for all ii > 1, where C = C{h) > 0 depends on the uniform bound 
of the curvature. 

The next corollary follows directly from the above observations, the Local Picture Theorem 
on the Scale of Curvature (Theorem 1.1 in |[33l ) and the Local Picture Theorem on the Scale of 
Topology (Theorem |Ll| in this paper). 

Corollary 5.3 Suppose M is a complete, embedded minimal surface with injectivity radius zero 
in a homogeneously regular three-manifold, and suppose M does not have a local picture on the 
scale of curvature which is a helicoid. Then, there exist positive constants a < b depending only 
on M, such that every local picture of M on the scale of topology lies in Ba^b (in particular, every 
such local picture of M on the scale of topology arises from item 4 in Theorem \l . 1\ . Furthermore, 
the set 

B{M) = {local pictures of M on the scale of topology} 

is a closed subset ofBa,b (thus B(M) is compact), and there is a constant C = C(M) such that 
every local picture on the scale of topology has area growth at most CR?. 

Remark 5.4 With the notation of Theorem o in this paper, if M has finite genus or if the se¬ 
quence {\nMn}n has Uniformly bounded genus in fixed size intrinsic metric balls, then item 6 of 
that theorem does not occur, since item (B) of Propositiondoes not occur. This fact will play 
a crucial role in our forthcoming paper ll25l . when proving a bound on the number of ends for 
a complete, embedded minimal surface of finite topology in M^, that only depends on its genus. 
Also in IITTII . we will apply Theorem |L1| to give a general structure theorem for singular minimal 
laminations of with a countable number of singularities. 

5.2 Complete embedded minimal surfaces in with zero flux. 

Recall that a nonflat minimal immersion /: M —)■ has zero flux if the integral of the unit 

conormal vector around any closed curve on M is zero. By the Weierstrass representation, a 
nonflat minimal immersion f: M has nonzero flux if and only if /: M —)• is the unique 

isometric minimal immersion of M into up to rigid motions. 

The results described in the next corollary to Theorem |Ll| overlap somewhat with the rigidity 
results for complete embedded constant mean curvature surfaces by Meeks and Tinaglia described 
inll4ll. 
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Corollary 5.5 Let M be a complete, embedded minimal surface with zero flux. Suppose 

that M is not a plane or a helicoid. Then, M has infinite genus and one of the following two 
possibilities hold: 

1. M is properly embedded in with positive injectivity radius and one end. 

2. M has injectivity radius zero and every local picture of M on the scale of topology is a 
properly embedded minimal surface with one end, infinite genus and zero flux. 

Proof. First suppose that M is properly embedded in As M has zero flux, then the main result 
in Choi, Meeks and White Q insures that M has one end. We claim that M has infinite genus. 
Otherwise, by classification of properly embedded minimal surfaces with finite genus and one end, 
then M is a helicoid with handles, in particular, M is asymptotic to the helicoid (Bernstein and 
Breiner 121). We next show that in this case, M has nonzero flux, which contradicts the hypothesis: 
as M is a helicoid with handles, then after rotation we can assume that M is asymptotic to a 
vertical helicoid whose axis is the xs-axis. Consider the intersection of M with the horizontal 
plane {xs = t}. For every f G M, Ft is a proper 1-dimensional analytic set with two ends 
which are asymptotic to the ends of a straight line; this result can be deduced from the analytic 
results described in either |2] or ll2^ . For \t\ large. Ft consists of a connected, proper planar arc 
asymptotic to a straight line. However, since M is not simply connected (because M is not a plane 
or helicoid, Meeks and Rosenberg ll35ll ). there exists a lowest plane {xs = T} such that F^ is not 
a proper arc. In particular, F-p is a limit of proper arcs Ft, f T. By the maximum principle, 
Fr is a connected, 1-dimensional analytic set asymptotic to a straight line. Since F-p is not an 
arc, then X 3 : M —)• M has a critical point of negative index on Ft. As F-t only has two ends, 
then standard topological arguments imply that F t contains a piecewise smooth loop that bounds 
a horizontal disk on one side of M. By the maximum principle, the unit conormal vector of M 
along this loop lies in the closed upper (or lower) hemisphere and it is not everywhere horizontal. 
Thus, the flux of M along this loop is not zero, which is a contradiction. Therefore, M has infinite 
genus provided that it is proper. 

Finally, suppose that M satisfies the hypotheses of Corollary |5. 5 1 If the injectivity radius of 
M is positive, then M is proper by Theorem 2 in ll^ and so. Corollary |5.5| holds by the argu¬ 
ments in the last paragraph. Otherwise, the injectivity radius of M is zero and thus. Theorem |1.1| 
applies. Note that cases 5 and 6 of Theorem o cannot occur since in those cases the flux of 
the approximating surface XnMn (with the notation of Theorem |1.1[ ) is not zero by item (B) of 
Propositionand item (C) of Proposition |4.30[ but M has zero flux. Hence every local picture 
of M on the scale of topology is a properly embedded minimal surface M^o C Note that M^o 
has zero flux since M has zero flux. By arguments in the first paragraph of this proof, M^o has 
infinite genus. Finally, observe this last property together with a lifting argument shows that M 
also has infinite genus in this case. □ 

Remark 5.6 If M C is a complete embedded minimal surface that admits an intrinsic isome¬ 
try I: M —)• M which does not extend to an ambient isometry of then M must have zero flux 
(because the only isometric minimal immersions from M into are associated minimal surfaces 
to M by Calabi Q)- Since the associated surfaces to a helicoid which are not congruent to it are 
not embedded, then such an M cannot admit a local picture on the scale of curvature which is a 
helicoid. Therefore, either M has positive injectivity radius (so it is properly embedded in by 
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Theorem 2 in ISQ) and its Gaussian curvature is bounded (otherwise one could blow-up M on 
the scale of curvature to produce a limit helicoid by Theorem 1.1 in ||33l, which is a contradic¬ 
tion), or M has injectivity radius zero and Corollaries |5.3| and |5.5| imply that every local picture of 
M on the scale of topology is a nonsimply connected, properly embedded minimal surface with 
bounded Gaussian curvature and zero flux. The authors believe that this observation could play 
an important role in proving the classical conjecture that intrinsic isometries of complete embed¬ 
ded minimal surfaces in always extend to ambient isometries, and more generally, to prove 
that a complete embedded minimal surface in does not admit another noncongruent isometric 
minimal embedding into M^. 
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